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LCfl NOI DAU 


Cuon skch “Cac phtfOng phkp dien hinh giai toan nguyen ham, 
tick phan va tfng dung” tkp the cac giko vien da vk dang day ckc trudng 
chuyen, ltfp chon tham gia bien soan. Vi vay cuon skch khong nhflng lk tki 
lieu tham khko ckn thiet cho hoc sinh dang hoc chu de nky, hoc sinh on thi 
ckc ki thi quoc gia, ckc ki thi vo dich toan ma c6n lk tki lipu tham khko bo 
ich :ho giko vien, phu huynh hoc sinh, sinh vien ckc triTdng sir pham quan 
tarn nghien ctfu chu de nguyen hkm, tich phkn. Cuon skch trinh bay ckc 
kief, thtfc ccr bkn, nang cao vk ckc tfng dung da dang cua ckc kien thtfc 
nguyen ham, tich phkn trong giki tokn trung hoc pho thong. 

Cuon skch gom ba choong. 

Chtfcfng I. Nguyen hkm. 

ChtfOng II. Tich phkn. 

Chtfcfng III. Lfng dung cua tich phkn. 

Moi choong gom ckc muc (§) c6 cau true chung nho sau : 

A. Kien thtfc cd ban. Trinh bky ckc khki nipm, dinh li, tinh chat c 0 
ban vk nang cao mk hoc sinh ckn phai hieu vk ghi nhtf. 

B. Cac dang toan dien hinh. Trinh bky ckc dang tokn, phiTOng phkp 
giai kem theo ckc vi du minh hoa. Trong ckc vi du kh6 cbn neu gpi y ve 
ckch stf dung kien thtfc vk quy trinh giai trtftfc khi neu liri giai. 

C. Toan ttf luy<?n. Giup hoc sinh luypn ki nkng giai ckc dang tokn neu 
d phan B vk ckc bki tokn nkng cao dknh dk'u 

D. Dap so va htftfng dkn giai. Trinh bky ckc gpi y v4 ckch giai vk ket 
quk cua ckc bki tokn to luypn d phkn C. 

Viec sir dung cudn skch nen thtfc hien theo trinh ttf sau : 

Sau khi doc ky kien thtfc co ban ckc em nen TV MINH giki ckc vi du 
theo chi dan phi/ong phkp cua dang tokn tifong tfng. N§'u gkp kh6 khkn 
c6 the tham khko ldi giai mku. Tiep theo nen dknh thdi gian dl giai ckc 
bki tkp to luykn. Khi giai ckc bai tkp nky ckn chu y xkc dinh dang vk 
phi/ong phkp giai phu hop. Cufi'i cung nkn ttf minh tdng kdt lai ckc kidn 
thtfc vk phtfong phkp dkc trtfng ckn ghi nhtf khi giai ckc bki tap trong 
muc ttfong tfng. 

Ckc bki tokn diTOc lira chon theo tieu chi “hay vk kh6", trong d6 nhieu 
bki tokn lk de thi dai hoc, de thi vo dich tokn Qud'c gia vk Quoc te. Vi vky 
ckc em se gkp khong it khd khkn khi giai ckc bki tokn d6, tuy nhien tinh 
“dkc trtfng" cua phtfong phkp giki lai dtfpc bidu 1 q ro rkng hon bao gid hkt d 
chinh ckc bki tokn nky. 
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Mac dii dupe bign soan cdn thin, nhung chdc chdn kh6 tranh khoi 
nhOfng khigm khuye't, cdc tdc gid rat mong nhdn dupe sp g6p y cua cdc bac 
phu huynh, cdc thdy co gido vd cdc em hoc sinh dl cuon sdch dupe hoan 
thign htfn trong ldn tdi bdn sau. 

Moi y kig"n d6ng g6p xin gefi ve dia chi : Ong Nguyen Van Lpc 229/85 
Thich Qudng Dufc, PhUdng 4 Qudn Phu Nhudn -Thdnh pho Ho Chi Minh. 
Bign thoai NR: (08) 38476771. 

Xin trdn trong edm tfn! 

Cac tac gia 
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A. KIEN THLfC CCf BAN. 

1. K'aai nipm nguyen ham. 
fl) D:nh nghia. 

Cho ikm so f xdc dinh tren K. Ham so F diioc goi la nguyen ham cua f 
tren K reu F’(x) = flx) vdi moi x thuoc K. 

Chu y. 

1) T'ong trodng hcrp K = [a; b], cdc dkng thtfc F’(a) = fTa), F’(b) = fTb) 

door hiej Ik lim-= f(a) vk lim-= f(b) 

*—a' X - a K-b x - b 

2) Cbo hai ham so' f vk F lien tuc tren doan [a; b], Ndu F Ik nguydn ham 
cua f trea khokng (a; b) thi c6 the chtfng minh dope rkng F’(a) = fTa) vk F’(b) 
= flb). d( do F cung Ik nguyen ham cua f tren doan [a; b]. 

b) D.nh li 1. 

Gia .‘Of ham so F Ik mot nguyen ham cua hhm so f trdn K. Khi d6: 

a) Vd moi hkng s6' C, hhm sd y = F(x) + C cung la m§t nguyfin ham cua 
f tr@n K 

b) Nji/pc lai, vdi moi nguyen ham G cua f trdn K thi ton tai mdt hkng 
so C sao cho G(x) = F(x) + C vdi moi x thupc K. 

2- Nfuydn ham cua mQt sd' ham so thitfng g$p. 

1) J Odx=C, J dx = J ldx = x + C ; 

2) f x"dx = — + C (a*-l) ; 

3) j — dx = In x + C ; 

4) Vd k la hkng sd khde 0. 

. r . , , coskx t _ 

a) / sin kxdx =--— + C ; 

J k 

b) f cos kxdx = ^ + C ; 

J k 

c) f e b dx=~ + C ; 

d) f a*dx = -^- + C (0 < a * 1) ; 

J In a 
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dx = tan x + C 



3. Mpt so tinh chat ccf ban cua nguyen ham. 

Dinh li 2. 

Neu f, g 14 hai h4m so lien tuc tren K thi: 

a) J[f(x) + g(x)]dx = Jf(x)dx + Jg(x)dx ; 

b) Vdi moi sd' thiic k * 0 ta c6: J kf(x)dx = k j' f(x)dx . 

B. CAC DANG TOAN DIEN HINH. 

DANG 1. TIM NGUYEN HAM CUA MOT HAM SO 

bang cAch dung dao hAm 

Phddng phap. 

Stf dung dinh nghla nguyen h4m: 

J f(x)dx = F(x) + C F ‘(x) = f(x). 

Vi du 1. Tinh dao h4m cua F(x) = (x 2 - l)ln 11 + x I - x 2 ln I x 


1 -f- X 2 

Suy ra nguyen h4m cua fix) = xln - 

X 

• 

Giai 


Ta c6 F(x) = (x 2 - Din 11 + x I - x 2 ln I x i 


2 

=> F’(x) = 2xln 11 + x | + ^ - 2xln 1 x 

l-x 

1 + x 


= 2xln11 + x| - 1 - 2xln|x| 

(D 

(vdi x * 0 v4 x * D 


Ta c6: fix) = xln ' X | = xln ^ + x = 

o 1 1 + x 
2x In- 

X J X 

X 

= 2x(ln 11 + x | - In ! X1) 


= 2xln 11 + x | - 2xln 1 x I 

(2) 

Tit (1) v4 (2) ta c6: fix) = F’(x) + 1 



=> J f(x)dx = f F '(x)dx + J ldx = F(x) + x + C 
= (x 2 - l)ln 11 + x I - x 2 ln I x I + x + C 
1 + x 2 

Vay nguyen h4m fix) = xln ——- 14: 

x 

F(x) = (x 2 - l)ln 11 + x | - x 2 ln I x! + x + C. 
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Vi du 2. Cho y = e x (2x 2 - 3x). Chiing t6 rang y” - 2y’ + y = 4e x . Suy ra 
ring 4fi x + 2y - y’ la mdt nguy£n ham cua y. 

Giai 

Vx e R: y’ = e x (2x 2 - 3x) + e x (4x - 3) = e x (2x 2 + x - 3) 
y” = e*(2x 2 + x - 3) + e x (4x + 1) = e x (2x 2 + 5x - 2). 

Vay: y” - 2y’ + y = e x (2x 2 + 5x - 2) - 2e x (2x 2 + x - 3) + e x (2x 2 - 3x) 

= 4e x (dpcm) (1) 

Dat F(x) = 4e x + 2y - y\ Ta chiifng minh F’(x) = y. 

That vSy: F’(x) = 4e x + 2y’ - y” (2) 

Nhtrng theo (1): y” - 2y’ + y = 4e x <=> 4e x + 2y’ - y” = y 
Nghla la d (2) ta c6 F’(x) = y (dpcm). 

N6i c^ch kh£c 4e x + 2y - y’ la mot nguyen ham cua y. 

Vi du 3. 

Tinh dao ham cua <p(x) = (ax + b)e x r6i suy ra nguyen ham cua y = -xe x . 

Giai 

TiJ gia thia't: <p(x) = (ax + b)e x 

=> <p’(x) = (a + ax + b)e\ 

Vdi a = -1, b = 1 thi <p(x) = (-x + l)e x ; <p’(x) = -xe x . 

Vay nguy£n ham cua y = -xe x la F(x) = (-x + l)e x + C. 

Vi du 4. Cho fTx) = xln - v& g(x) = x 2 ln - ; (x > 0) 

4 4 

V / 

1) Chting t6 rkng fix) = i g '(x) - ^ x. 

A A 

2) Suy ra m^t nguyen ham F(x) cua fix). 

Giai 

1 ) g’(x) = 2xln — + x (do x > 0) 

4 

=> 2xIn ~ = g*(x)-x =>xln ^ =ig'(x)-£. 

4 4 2 2 

vay fix) = ~g(x)-£ (*) 

A A 

2) TO (*) ta c6: 

f f(x)dx = i f g '(x)dx - i J xdx 



C. 


Vay mot nguyen ham cua fix) la: 

F(x) = - x 2 In — — — + C. 

2 4 4 
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DANG 2. TIM HAM SO BIET NGUYEN HAM CUA HAM SO d 6 
Phtfcfng phap. 

Dung tlnh chfit f(x)dxj = f(x). 

That vSy: f f(x)dx = F(x) + C F '(x) = f(x) 

Ta c6: d(F(x) + C) = d F(x) = F’(x)dx. 

<=> d|J" f(x)dxj = f(x)dx -p(J f(x)dxj = f(x) 

Vay: f(x)dxj = f(x) 

Vi du 1. Hay xdc dinh h&m so fix) biet rang: 

a) J f(x)dx = \ \ + C 

x y 

b) f f(x)dx = sin x. cos y + C 

c) J f(x)dx = e x + e y + C 

Giai 

a) Ta c6: (Jf(x)dx)' = (-L + i + C j' = - 5^ « f(*) = ~ ■ 

b) IJ* f(x)dxj' = (sinx.cosy + C)’ o fix) = cosx.cosy 

c) (J f(x)dx)’ = (e* + e y + C)’ o fix) = e\ 

Vi du 2. Hay xdc dinh fix) tif nhtfng dang thtfc sau: 

a) y 3 + 2y 2 + y + C = J f(y)dy 

b) \ + \ + C= f f(y)dy 

x 2 y 3 J 

c) sinucosv + C = J f(u)du 

d) e u + e 2v + C = J f(v)dv. 

Giai 

a) Ta c6: ^(f f ly)dy) = fly) 

=» (y 3 + 2y + y + C) = fly) = 3y 2 + 4y + 1, Vy 

dy 

=> fix) = 3x 2 + 4x + 1. 

b) Ttfcmg tif: 
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—+ — + c 

x 2 y 3 


= dy (/ f<y)dy ) = f(y) = "7 n6n ftX) = "7- 


_d_ 
dy 

c) -p(sinucosv + C) = -p(Jf(u)du) = f(u) 

= cos v cos u f(x) = cos v cos x . 

d) ~ (e u + e 2v + C) = ~ ( J f(v)dv) = f(v) 

= 2e 2v =4. f(x) = 2e 2 *. 

DANG 3. Dl/A HAM SO VAO DAU VI PHAN d£ TINH NGUYEN HAM 
Phtfdng phap. 

Sd dung tinh chat: 

N§u J f(x)dx = F(x) 4- C thi J*f(u)du = F(u) + C. 

Vi Ju 1. Tinh a) Jx cos(x 2 )dx ; b) J(x 2 - 3x + l)‘°(2x - 3)dx ; 
c) J (Int)* ^ > d) J e 3 "" 1 cos xdx ; 


e) j' cos 2 xdx ; 


f> f- 


sin x 


dx. 


sin x 4- cos x 


Giai 


a) |^xcos(x 2 )dx = -J'cos(x 2 )d(x 2 ) = ^sin(x 2 ) + C (u = x 2 ) 

b) f (x 2 - 3x + l)'°(2x - 3)dx = f (x 2 - 3x + l)'°d(x 2 - 3x +1) 

(x 2 - 3x + l) 11 
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(In t) 5 


+ C 


(u = x - 3x + 1) 


c) f (In t) 4 — = f (In t) 4 d(ln t) = —+ C ; 

J t J 5 

d) f e !mn * cos xdx = - f e 3,in, d(3sin x) = - e 3 " inx + C (u = 3sinx); 


1 + cos 2x 


nen: 


e) (6t J cos 2 xdx . Do cos 2 x = 

j' cos 2 xdx = i J* (1 + cos 2x)dx = ^ J dx + ^J cos 2xdx 

= - fdx + -~ f cos2xd(2x) = ix + — sin2x + C (u = 2x) 
2d 2 2d 2 4 

f) X6t I = f -—-dx.DSt J = f- 

J sin x 4- cos x # J «» 


cosx 


sin x 4 - cos x 
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Tac<5: I+J= 

J Cl 

I-J= fS 

J Cl 


sin x + cos x 


sin x + cos x 
sin x - cos x 


dx = Jdx = x + C (1) 
d(sin x + cos x) 


dx = -f 

J oi 


sin x + cos x 
= - In |sin x + cos x| + C (2) 
Gidi h$ g6m (1) vd (2) ta dutfc: 

I = — (x - In sin x + cos x|j + C 


sin x + cos x 


J = — (x + In 
2 ' 


sin x + cos x 


|) + c. 


Vi du 2. Tim ho nguyen hdm cua: 
a) fix) = - 2X 


b) g<x) = cosx.cos2x.sin4x. 


a) fix) = 


X + \/x 2 - 1 

Gia i 

= 2x(x-VgI I) = 2 x ,_ 2xn /tti. 


2x 


X + Vx 2 - 1 X*-(x*-l) 

Suy ra ho nguydn hdm cua fix) Id: 


f f(x)dx = f (2x 2 - 2xVx 2 - l)dx = 2 J x 2 dx - J(x 2 - l)*d(x* - 1 ) 

= -x 3 --(x 2 -1)5 + C = — x 3 --(x 2 -l)Vx 2 - 1 + C. 

3 3 3 3 

b) g(x) = cosx.cos2x.sin4x = cosx.i(sin6x + sin2x) 

2 

= — cosx.sin6x + — cosx.sin2x 
2 2 

= -,-(sin7x + sin5x) + i. — (sin3x + sinx) 

2 2 2 2 

= - [sin7x + sin5x + sin3x + sinx], 

4 

Vdy ho nguyen hdm cua g(x) Id: 

J g(x)dx = [sin 7x + sin 5x + sin 3x + sin x]dx 

sin 7xd(7x) + J^s in 5xd(5x) + f ^ sin 3xd(3x) + f sa :xdx 


cos7x cos5x cos3x 
- 1 -(--+ cos x 


+ C. 
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DANG 4. CHLfNG MINH HAM SO F(x) 
LA MOT NGUYEN HAM CUA HAM SO fix) 


Phtfrfng phap. 

- Chung minh F’(x) = fTx), Vx e D. 

-• Suf dung tfnh chfit cua nguyen h4m v4 da thufc dong nh£t. 

Vi du 1. Chiing minh rang: F(x) = tan 4 x + 3x - 5 14 1 nguyen h4m cua 
fix) = 4tan r, x + 4tan 3 x + 3. 


Gidi 


F(x) = tan 4 x + 3x - 5 

=> F’(x) = 4tan 3 x(tanx)’ + 3 = 4tan 3 x(tan 2 x + 1) + 3 
= 4tan 5 x + 4tan 3 x + 3 = fix) 

Vay: F(x) 14 1 nguyen h4m cua fix). 


Vi du 2. Chdng minh r4ng h4m so: f(x) = 


a sin x + b cos x 


c6 ho nguyen 


c sin x + d cos x 
h4m dang: F(x) = Ax + Bln c sinx + d cosx I + K. 

Giai 

Biiu kien ton tai h4m so fix) 14 c sinx + d cosx * 0. 

Gc; X 14 mien x6c dinh h4m fix). Bieu kien hiln nhidn 14 c 2 + d 2 > 0. Khi d6, 
ta se ciifng minh t6n tai c4c so A, B sao cho F’(x) = fix), vdri moi x e X. 

c cos x - d sin x 


Ta cd: F (x) = A + B 


c sin x + d cos x 


F (x) = 


Ac sin x + Ad cos x + Be cos x - Bd sin x 
c sin x + d cos x 

(Ac. - Bd) sin x + (Ad + Be)cos x 


c sin x + d cos x 

Vf.y F(x) 14 1 nguyen h4m cua fix) n£u v4 chi neu: 

Ac - Bd = a . . , 2 2 n . 

(voi d + c > 0) 

Ad + Be = b 

-d! 


GAi ho n4y ta di/oc: A = 


-d 

c 


ac -f bd 
c 2 + d 2 


; B = 


c 2 + d : 


be - ad 
c 2 +d 2 ' 


N)i c4ch kh4c, vdi fix) = asinx t .. fr cosx v 6i c 2 + d 2 > 0, thl fix) c6 ho 

c sin x + d cos x 

nguyfn h4m dang: F(x) = Ax + Bln I c sinx + d cosx I + K vdi A, B dtfoc chon 
nhu t'4n v4 K tuy y. 

V: du 3. Cho 2 h4m so: fix) = 3x 2 + lOx - 4 

F(x) = mx 3 + (3m + 2)x 2 - 4x + 3. 

Bnh m de F(x) 14 nguySn h4m cua fix). 
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Giai 

Ta c6: F’(x) = 3mx 2 + 2(3m + 2)x - 4. 

De F(x) la 1 nguyen ham cua fix) thi: 

F’(x) = fix) <=> 3mx 2 + 2(3m + 2)x - 4 = 3x 2 + lOx - 4 
3m = 3 

«• o m = 1. 

2(3m + 2) = 10 

V£y: m = 1. 

Vi du 4. Cho 2 ham so: F(x) = (ax 2 + bx + c). Vx 2 - 4x . 

Rx) = (x-2). yjx 2 - 4x . 

Dinh a, b, c de F(x) la 1 nguyen ham cua f(x). 

Giai 

.. r r~ . o . . x - 2 


Ta c6: F’(x) = (2ax + b). Vx 2 - 4x + (ax 2 + bx + c). 


x 2 - 4x 


_ 3ax 3 4- 2(b - 5a)x 2 + (c - 6b)x - 2c 
Vx 2 - 4x 

De F(x) la 1 nguyen ham cua f(x) thi: 

F’(x) - fix) « 3ax3 + 2(b - 5a)x 2 + (c - 6b)x - 2c _ (x - 2)(x 2 - 4x) 

Vx 2 - 4x Vx 2 - 4x 

c? 3ax 3 + 2(b - 5a)x 2 + (c - 6b)x - 2c = x 3 - 6x 2 + 8x 


3a = 1 

2(b - 5a) = -6 
c - 6b = 8 
i—2c = 0 


1 

3 ” 3 

- b —I 

x = 0 


* 

DANG 5. TIM NGUYEN HAM CUA HAM s6 

• i 

THOA DI&U KIEN CHO TRUtfC 

Phtfcfng phap. 


- Dung b£ng cong thtfc dl tinh ho nguyen ham cua ham so fix) c6 dang: 
F(x) + C (1) 

- Dung dieu ki$n da cho de tim hang s6' C. 

- Thay C v&o (1) ta diftfc 1 nguyen h4m ph£i tim. 


Vi du 1. Tim 1 nguyen ham F(x) cua hhm so': 

v 3 4- 9 v — 1 

\ /*/ \ *• i * i * w n//\v p 


a) f(x)= 


x" 

2 . i s3 


bi§'t rang F(2) = -5. 
biet rang F(—1) = 3. 


b) fix) = 2x(x + 1) biet rang F(-l) = 3. 

.... x 3 -3x 2 +3x-5 1 

c) f(x) =- - - biet rang F(0) = - 

(x -1) 2 6 2 
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Giai 


a) f(x) = 


x 3 + 2x - 1 


= 1 + - 3 

x 2 x J 


F(x) = x — — + —r + C => F(2) = 2-1+ - +C = -5oC = 
x 2x 2 8 

V $ yFW=x-l + i L-|. 

b) fix) = 2x(x 2 + l) 3 = (x 2 + l) 3 .(x 2 + 1)’ 

F(x) = (X - + 1} + C ^ F(— 1) = 4 + C = 3oC = -1. 

4 

VA rv \ ( * 2 +l ) 4 n 

v^y: F(x) --1. 

4 • 

e , , x 3 - 3x 2 + 3x - 5 (x - l) 3 - 4 , 4 

C) f(x) =--- =-— = X - 1 -r 


(X - 1)' 


(X - 1)' 


(x-l) ; 


F(x) = — - x + -i- + C F(0) = -4 + C = --oC = 
2 x -1 2 

v 2 4 7 

V&y: F(x) = — - x + 

2 x — 1 2 

Vi du 2. Tim 1 nguyen ham cua ham so: 

a) fix) = sin2x + 3x 2 biS't rang F(0) = 2. 

b) fix) = (sin £ + cos - biS't rang F (-1 = -. 


c) fix) = 2cos - - - 
2 6 


bid't rang F(0) = 0. 


Giai 


a) fix) = sin2x + 3x‘ 


Fix) = - 


cos2x 


+ x 3 + C F(0) = -i+C = 2<»C = -. 


V&y: F(x) = -~cos2x + x 3 + 

2 2 

x x 

b) fix) = sin - + cos - = 1 + sinx 

2 2 
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1 

Fix) = X - cosx + Cr>F - = — + C = — oC = 0 . 

2 2 2 

Vay: F(x) = x - cosx. 

c) fix) = 2 cos - - 7 
2 6 J 

/ \ 

Fix) = 4 sin — - — + C => F( 0 ) = 4 sin - - + C = 0 o 4 + C = 0 

2 6 6 2 

\ / 
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oC = 2. 

Vay: F(x) = 4sin — - —I + 2. 

2 6 


DANG 6. TIM NGUYEN HAM TRl/C TIEP 
BANG PHl/ONG PHAP PHAN TICH 

Phtfdng phap. 


- De tinh J f(x)dx, ta phdn tich hdm so di/di dau tich phdn thdnh 

tong dai so cdc hdm so roi dp dung cdng thdc tim nguyen hdm cua edc 
hdm s6' co bdn. 

Cdn chu <j hai ti'nh chd't: J Cf(x)dx = C J f(x)dx 

J[f(x) ± g(x))dx = J f(x)dx ± J g(x)dx. 

Bdc biet din chu y mot so' diem: 

- Neu gdp phdn s6' dang — ta vi4t thdnh x' n . 

x n 

- N§'u gdp c&n s6' ta chuyln v4 dang mu phdn theo c6ng thtfc 


vx p = x q (q * 0 vd p b&'t ky e R). 

- Neu gSp m$t phan s 6 htfu ti c6 bdc d ttf so ldn hon a m&u s6', ta lay 
tuf so chia cho m&u s6' de? di/a vl dang tdng sd' r6i ldy tich phdn cua tong 
s6' d6. 


Vi du 1. Tim ho nguyen hdm cua hdm so': 

. . x 4 - 2 

a) f(x) = -=- ; 


x 3 - x 


b) f(x) = 


x - X 


(Dai hoc Ngoai thtfong Hd Noi - 1998, chuyen ban) 
Giai 

a) Phdn tich hdm so' fix), ta c6: 

,, , x 4 - 2 x 4 - x 2 + x 2 - 1 - 1 x 2 (x 2 - 1) + (x 2 - 1) - 1 


f(x) = 


x 3 -x 


x(x 2 - 1) 


x(x z -1) 


1 1 1 x 2 +l-x 2 1 X , 1 

= X H- = x + - = x H- - -1- —. 

X x(x - lMx + 1) x x(x - l)(x + 1) X X 2 -1 X 

Ta c6: 1= f — 2 dx = f (x + --— + - dx 

J x - x •'I x x 2 — 1 x 


= r 2+21 "N4/ffr +c 
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I = ^ x 2 + 2 In 
2 

b) Ta c6: 

dx r x 1 + (1 - x 2 ) 


|ln|x 2 -1 +C. 




x(x - 1) 


dx = f - * -dx - f 

J x(x 2 - 1) J 


x 2 - 1 


-dx 


x(x“ -1) 


-J 


xdx 


Jr = if 


(x 2 - 1) 


d(x 2 - 1) 
x 2 -1 


In 


1 


I = — In x a — 1 — In x + C. 

2 III 

Vi du 2. Tinh nguyen h4m cua h&m so: f(x) = tanx + 


tan x + 


Ta c6: I = / . „ , - - - -- 

J [ yJ2x +1 + v2x - 1J 

= f tan xdx + f , * — ... dx ~ f 

J J V2x +1 + V2x -1 J 

= /■^i + ir v &ridx~ir72^dx 

J cos x “> J OJ 


V2x + 1 + J2x - 1 
(Dai hoc Kinh te Quoc d£n - 1999) 

Giai 

dx 

sin xdx 


cosx 


= - In |cos x| + i f (2x + l)' 2 . i d(2x +1) -1 f (2x -1)" 2 . i d(2x -1) 

= -ln|cosx| + -(2x + l) 2 -i(2x-l)* +C. 

V$y ho nguy§n hhm cua h4m so fix) 14: 

1 * 3 
I = - In |cos x| + - 




-i i 


(2x + 1)2 - (2x - 1)2 


+ c 


Vi du 3. a) Tim ho nguyen h4m cua h4m s6' fix) = cos 3 x.cos3x. 
b) Tim ho nguySn h4m cua h4m so fix) = cos 2 x.cos2x. 

(Dai hoc Ngoai thucmg co sd II - 1998, khoi D). 
Giai 

a) Ta c6: cos 3 x.cos3x = — (3cosx + cos3x)cos3x = i(3cos3xcosx + cob 2 3x) 

4 4 


3 1 

— (cos 4x + cos 2x) + — (1 + cos 6x 
2 2 


= - (3cos4x + 3cos2x + 1 + cos6x) 
8 


J' cos 3 x cos 3x dx = (3cos4x + 3cos2x + 1 + cos6x)dx 

+ C. 


3 3 1 

— sin 4x + — sin 2x + x + - sin 6x 

4 2 6 
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Ho nguyen h&m cua hhm s6' fix) 1&: 


F(x) = - 
8 


3 3 1 

x H— sin 2x + — sin 4x + — sin 6x 
2 4 6 


C. 


, . „ , 2 O l + cos2x _ 1 _ 1 l + cos4x 

b) fix) = cos x.cos2x = -cos2x = -cos2xH—.- 

2 2 2 2 

= — cos 2x + — + — cos 4x. 

2 4 4 

Ta c6: J cos 2 x. cos 2xdx = J ^ cos 2xdx + i J dx + ^ J cos 4xdx 

= — sin 2x + — x + — sin 4x + C. 

4 4 16 

Ho nguyen hcim cua h&m s6' cos 2 x.cos2x 1&: 

Fix) = — x + — sin 2x + — sin 4x + C. 

4 4 16 


Vi du 4. Tmh ho nguyen h&m: I = f — 

J 


dx 


e* - 4e 

(Dai hoc Qu6'c gia H& Noi - 1999, khoi D). 

Giai 


Ta c6 


: I = 

J e x - 4e~ x 


Bi£'n ddi: 


1 

• 

e x e x 

e x 

' e x - 4e- 

e 2x - 4 e 2x - 2 2 

(e x - 2)(e x + 2) 

= e x dx nen td (1) ta suy ra: 


dx I 

* e‘dx 1 r| 

1 1 

- 4e~ x J 

(e x - 2Me x +2) 4 J 1 

e x - 2 e x + 2 


. ( 1 ). 


4 J e" — 2 4 J e* 

e x +2 


e x +2 


--In 


e x -2 


+ C 


= — In 
4 


e x -2 


+ C. 


Ho nguyen h&m cua f ——— 1&: — In 

J a* _ A a x A 


e~ - 4e x 4 


e x +2 


e x -2 


+ C. 


C. TOAN TV LUYfiN. 

Bai 1. Chtfng minh r&ng h&m so: F(x) = I x I - ln(l + , x I) 1& 1 nguyen h&m 

x 


tren R cua h&m so': fix) = 


1 + 


Bai 2. Tim ho nguyen h&m cua h&m so': fix) = 


cos x + sin x. cos x 


2 + sin x 

(Dai hoc Ngoai thiftJng TP.Ho Chi Minh - 1997) 
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Biii 3. Tim ho nguyen ham cua ham so: f(x) = 


ln(ex) 


BAi 4. Chting t6 ham so’: F(x) = 


3 + x In x 
(Hoc vien Quan he Quo’c te - 1996) 

2 


— In x - — khi x > 0 


2 

0 


cua ham so': f(x) = 


x In x khi x > 0 
0 khi x = 0 


4 14 mdt nguyen ham 

khi x = 0 


(Dai hoc Y ditoc, TP.HCM - 1994) 


D. BAP SO VA HLfCfNG DAN GIAI. 

Bi»i 1. - Vdi x > 0: F(x) = x - ln(l + x) ; f(x) = 


1 + x 


Ta co: F'(x) = 1 - 


= f(x). 


1+x 1+x 

- V6i x < 0: F(x) = -x - ln(l - x) ; f(x) 

F'(x) = -1 + 


1 — x 


1 — x 1 — X 


= f(x). 


F '(O') = lim - X . 1 - n - 1 — = 1 - lim ln(1 + X) - = 1-1 = 0 = f(0‘). 

x—O' X x -'0 X 

F '(0 ) = lim ~ X -- - ln(1 ~ - X) = -1 - lim ln( - 1 -~ X - = -1 + 1 = 0 = f(0~). 

x-0 X x—0 X 

^ F’(0*) = F’(O-) = flO). => F’(x) = fix), Vx e R. 

Vay: F(x) 1& 1 nguyen ham cua fXx) tren R. 

cos x + sin x. cos x 2 cos x + sin x. cos x - cos x 


Bid 2. Ta c6: f(x) = 


2 + sin x 


2 + sin x 


cos x(2 + sin x) - cos x cos x 

-= cos x - 


Do d6: J f(x)dx = J 


cos x - 


2 + sin x 
cosx 


2 + sin x 
cosx 


= J cos xdx - J 


2 + sin x 

d(2 + sin x) 


dx = f cos xdx - f —^-dx 

J J 9. 4* sin y 


2 + sin x 
= sinx - ln(2 + sinx) + C. 


2 + sin x 

Ho nguyen h&m cua hiim so’ fix) 14: sinx - ln(2 + sinx) + C. 
Bi»i 3. Ta c6: ln(ex) = lne + lnx = 1 + lnx 


v4 d(3 + xlnx) = 


In x h— x 
x 


dx = (lnx + l)x. 


Do d6: I = J f(x)dx = f 


d(3 + xln x) 


1 + In x 


-/ 


d(3 + xln x) 
3 + xlnx 


= In 13 + xlnx ! + C. 


17 



Bai 4. Ta phdi chdng minh: F’(x) = Rx) vdi Vx £ 0. 

2 2 

Truong hap 1: Khi x > 0 thi F(x) = — In x - —. 

2 4 

Do d6: F’(x) = xlnx + — - — = xlnx = Rx). 

2 2 

Truong hop 2: Khi x = 0. 

Dung dinh nghla tinh dao ham: 

(Ax) 2 , A (Ax) 2 

F (0, = lim F( ° + - F( °> = U.J ~ 

Ax—*0' Ax Ax—0‘ 


Ax 


= lim ^ Ax In Ax = 0 = f (0). 

Ax ~*0' 2 

V0y: F’(x) = Rx) vdi Vx 5 0 nen F(x) la m0t nguyfin ham cua fix). 


§2. JH$l id pUitctnq pit dp Vim ntjiujeii ham 

A. KlfcN THlTC CO BAN. 

1. Phtfdng phap doi bien so. 

- Co sd cua phUcrng phap ddi bien sd la dinh H sau dRy. 

Dinh li 1. 

Cho ham so u = u(x) c6 dao ham li§n tuc trdn K va ham s-6 y = Ru) li§n 
tuc sao cho flu(x)] xdc dinh trdn K. Khi dd neu F la m0t nguy@n ham cua f, 

tdc la J f(u)du = F(u) + C thi J f[u(x)]u‘(x)dx = F[u(x)] + C (1) 

Chu y. Trong thi/c hanh, ta thi/dng viSt t^t F[u(x)] la F(u>, flu(x)] la Ru) 
va coi du la vi phSn cua ham sd u = u(x) (nghla la du = du(x) = u’(x)dx). 

Khi d6, cfing thtfc (1) dooc vidt nhif sau: 

f flu(x)]u '(x)dx = f f[u(x)]du(x) = f f(u)du 

= F(u) + C = F[u(x)] + C (2) 

Ta n6i da thi/c hi0n phap ddi bien u = u(x). 

2. PhuWng phap lay nguydn ham tifng phan. 

Co sd cua phoong phdp Iffy nguydn ham ttog phdn la dinh li sau d&y. 

Dinh li 2. 

Ndu u, v la hai ham sd cd dao ham lien tuc trdn K thi: 

J u(x)v '(x)dx = u(x)v(x) - J v(x)u '(x)dx. 

C6ng thtfc trdn goi la cdng thdc ldy nguyen ham tifng phdn (goi tdt la 
cfing thufc nguydn ham tting ph&n) va dooc vidt gon dirdi dang 
f udv = uv - f vdu . 
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B. CAC DANG TOAN DI^N HINH. 

DANG 1. TIM NGUYj&N HAM BANG PHl/ONG PHAp 
d6i BIEN SO DANG 1 

Phitcfng phap. 

1 . Bat: u = <p(x) => du = (p’(x)dx 

2. Tina x theo u va dx theo du. Bieu thi ftx)dx theo u va du, gia stf 
ftx)dx = g(u)du 

3. Tina J g(u)du = G(u) + C 

4. Thay u theo x vao G<u) ta di/oc nguyen ham phdi tim. 


Vi cu 1. Tinh: 
v - r x 2 dx 


a) := / 


5 - x 1 




x - 


Giai 


.3 _ j.. o..2 <3u 2. 


a) Pat: u = x => du = 3x dx — = x dx 

3 

1 r du 1 1 y/E + u n 

3 J 5- u 2 3 2s/ 5 y/E -u 


b)"inhK= 

J Vx 4 -1 


Dat u = x‘ 


du = 2xdx => — = xdx 
2 


K= 1 J = jlnlu + Vu 2 - ll + C = 4In x 2 Wx 4 -1 +C. 


—^ — _ ■ r- — »** v* I y “ i w — ••• " • »** * i ' 

2J 2 I I 2 I I 

x 3 -x 

Vi iii 2. Tim ho nguygn ham cua ham so fix) = —--- - - 

x 8 + 4x" + 4x 2 + 1 


Giai 


x 3 -x 


Ta :6: I = J f(x)dx = J 


x 6 + 4x 4 + 4x* + 1 




= f -*—d X= r— 

J ..3 , ... , , 1 . 1 J ..3 . 1 




x + 4x + 4 - + 


x J + — + 4 x + - 


X X 
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- 1 




l' 

3 

1) 

X + - 

X 

/ 

+ 

x + - 

x 


DSt t = x + — =>dt = 
x 


dx 


-7 


dx 


i= r * = r«!+ik± dt= r 

J t 3 +1 •> t(t 2 + 1) J 


t t 2 + 1 


dt 


rdt_ r tdt rdt 1 rd(t 2 + l) 

~ J t J t* +1~ J t 2-J t 


= In t — In t* + 1 + C = In t - In 
2 


2 +1 

t 2 + l|* + C 


= In 


JeTi 

1 = In 


+ C. 


x + A 

X 


+ C. 


X + — +1 

X 


Vi dy 3. Tim ho nguyen hdm cua hdm s6': fix) = 


( 1 ) 


a/x 4- 1 

(Hoc vi$n cong ngh$ B.C.V.T - 1999, co sd 2) 


Giai 


Ta c6: fix) = 


Ttah f: 


yx +1 
dx 


( 1 ) 


vX + 1 


DSt: t = l \Jx +1 => t 10 = x + 1 hay x = t 10 - 1 

Suy ra dx = 10t 9 dt 

t 10 -1 


Do d6: f f(x)dx = f Z—i 10t 9 dt 

= loJ(t 18 -t 8 )dt = 10 


19 9 


+ 0 ( 2 ) 


The t = 'yfx + 1 vdo (2) ta di/oc: 

i ho /—r \ 19 l/i 
9 

Vay ho nguyen hdm cua hdm sd fix) Id: 


f f(x)dx = 10 ^(^x + l) 19 -i(^x + l)' 


+ C 
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10 


^ >tf(x + l) 1 * - i ^(X + 1)° +C 


Vi du 4. Tinh: J 


dx 


cos x sin x 


Giai 

dx r cos xdx 




(Cao dang Giao thong - 1999) 
cos xdx 


cos x sin'x J cos xsin x 

d(sin x) 


(1 - sin 2 x)sin 4 x 




s in 4 x(l - sin x) 


(i) 


i= r_*L_« f 

J tui-t 2 ) J 


1 , 1 4 1 

. 111 . 

At 4 . In 

1 + t 

t 2 t 4 1 - t 2 

Ul — , T 11* 

t 3t 3 2 

1-t 


+ c 


+ —In 


sin x 3sin 3 x 2 


1 4 sin x 


Chu y: 


+ 


1 - sin x 
1 


+ C. 


1 - t 2 2 1 - t 1 + t 


V» du 5. Tim ho nguyfin ham cua ham s6': f(x) = 


1 


1 + sin 2x 

(Dai hoc Ngoai thuong co so II TP.HCM - 2000, khoi B) 

Giai 


f(x) — 


dt 


l + t : 


1 4 sin 2x 

Bat t = tanx => dt = (1 + tan 2 x)dx =x> dx = 

Doi6: Jr^ fc -/:^ = /<t}W 


1 + 


1 + t 2 
1 


(t 4IV 

4 C = - 


1 4 tan x 

Vay ho nguyen ham cua ham so fix) la: F(x) = 


d(t 41) __1_ 

(t 41) 2 t + 1 

4 C. 

-4 C. 


+c 


cosx 


sin x 4 cos x 
cosx 


Vi cu 6. Tim ho nguy§n ham: I = f 


s in x 4 cos x 
cos 2 xdx 


Ta (6: I = J — 


sin x + Vi cos x 
(Hoc vi§n NgSn hang - 1999, khd'i D, K) 
Giai 

cos 2 xdx 


sin x 4 Vi cos x 
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2 1 + cos 2x 

Biet cos x = - 

2 


Oil* — 

vk sinx + y/3 cos x = sin x H-— cos x 


cos- 

3 

= 2 (sin x cos — -I- sin —cos x] = 2 sin (x + 


Dod6: i = 1 r a + cos2x) dx 

4 J -rc 

sin x -f - 
3 


D&t t = x + — thi dt = dx 
3 

vk cos2x = cos [2t - —I = cos 2t cos — + sin 2t sin — 


= - — cos 2t + — sin 2t = - — (1 - 2 sin 2 1) + — sin 2t 
2 2 2 2 

1 & 

nen 1 + cos2x = — + sin 2 1 + ——sin 2t. 

2 2 

Khi <36 (1) trd thanh: 

, ^ + sin 2 1 + ^sin2t 

I = if 2_2_Ht 


sint 


1 r dt . 1 P • . V3 r 

= — /-+ — Ism tat + — | cos 

8 J sin t 4 J 4 J 


d tan - r 

1 r 2 1 t V3 . , _ 

= — I —-cos t h -sin t + C 

8 ^ t 4 4 

tan - 
2 


2 6 2 


r lii. x , it I 1 ,2n _ 

I = — In tan —h — - — cos x + — + C 


Vi du 7. Tinh: I = T — 

J Si 


In tan x 


sin x cos x 


Giai 


Ta c6: I = f -J 
J Si 


In tan x 


sin x cos x 

Bat u = lntanx => tan x = e l 


cotx = — = e “ => d tan x = de u 
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=> —dx = de u => dx = cos 2 xde". 
cos x 

Do 46: I = f U cos - xde = f ucotxde“ = f u.— .e u du = f udu = 

J sin x cos x J J e“ J 2 

=> I = — (In tan x) 2 + C 
2 

DANG 2. TIM NGUYEN HAM BANG 
PHUCNG PHAP DOI BIEN SO DANG 2 

Phtftfng phap. 

1. Da:: x = vp(t) => dx = <p ’(t)dt. 

2. Bi£u thi Rx)dx theo t va dt. Gid sir ftx)dx = g(t)dt 

3. Tir.h : f g(t)dt = G(t) + C 

4. Thay t theo x ta dtfgc nguyen hkm phai tim. 


Vi du 1. Tinh nguyen hkm: I = f —— 

J n — 


x 7 dx 


Da; x = sint 
Do d6 


n 


0 < t < - 
2 

x 7 dx 


(1-x 2 ) 6 

Giai 

=> dx = costdt, 1 - x 2 = 1 - sin 2 t = cos 2 t 


sin 7 1 cos tdt 


. i = r xqx _ = r 

J (1 - x 2 ) 5 J (cos‘t) 3 

_ r sin _ tdx _ r t ) _ I tan 8 t + C 

J cos 7 1 cos 2 1 J 8 


Tir.h tant: tant = 


va/: I = - x 


sint 


cost vr_ x 2 


8 (1 - X 2 ) 4 


+ c 


Vi du 2. Tinh: 1= f 


Tac6 1= f* 

J ^ 1-x 4 ) 


xdx 


7(1 - x 4 > 3 


Giai 


(1) 


u € 

• \\ 


2 

i = a 

DSU ^ 


D£t x 2 = sinu 
=» \l 1 - x 4 = \/cos 2 u = cos u =» 2xdx = cosudu 


2 +C 


23 



cos udu 

2 1 r du 


(1) => I = f -~ f —y— = ^ f d(tanu) = i tan u -f- C 

J cos 3 u 2 J cos 2 u 2 J 9 


1 x 2 

Vay I = ± -f C 


2,/i^x 

Vi du 3. Tim ho nguyen ham: I = f — p 

J xVl 


dx 


4- x' 


Giai 


Dat x = tant 


dx = 


t 6 

Q^l 


2 


cos 2 1 


dt = (1 + tan 2 t)dt 


dt 


i= f_cosit_ = rJL = )n 

J sint 1 J sint 


tan — 
2 


+ C (1) 


cos t cos t 


Tinh tan -: tant = 
2 


2 tan 


2 t 


x = tant = 


1 + tan - 
2 

2tan | 2u 


1 + tan r 


t 1 + u 2 


u 2 x + x = 2u => xu 2 - 2u + x = 0 


u = 


l + y]l-x 2 


( 2 ) 


u = 


1-VI- 


(loai) 


Th£ (2) vho (1) ta diioc: I = In 


tan 

l + x/l-x 2 

X 



+ C 


Vi du 4. Tinh I = dx 


Giai 


Bat x = 2tant => x 2 = 4tan 2 t 


Do d6: 4 + x 2 = 4 + 4tan 2 t = 4(1 + tan 2 t) = 4 —(1) 


cos 2 1 


Vi phSn: dx 2 = d4tan 2 t 
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2xdx = 4.2tant 


cos 2 1 


ix = 4tant —^ 7 —. i dt = 4 tan t —. —-— dt = —dt 
cos t x cos t 2 tan t cos t 

ra c6: 1 = f ^ 4 + 6 x 2 dx= f — j — ■■ ~ 2 — dt 

J v ’ J r.ns t (9 6 cir»° + rvW t 


1 r cos 3 tdt 1 r 
~ 2 * J sin® t “ 16 J 
1 r (1 - sin 2 t)d(sin t) 
16 J sin B t 


2 

1 2 

cos t 

2 s sin® t cos 2 t 


cos® t 


cos’t cos t 


sin® t 


sin® t 


= f (sin 6 

td(sin t) - — 1 

16 J 

16 J 

1 sin ' 5 1 

1 sin ' 3 1 , c 

16 (-5) 

16 (-3) 

1 1 

+ 1 1 +C 

80 sin 5 1 

48 sin 3 1 

- 1 1 5 

3 

240 sin 5 1 

sin 2 1 


Tinh sint: 

ri/(l)tac6: cos 2 t = 


=> sint = ,1 -; 

V 4 + x' 

Do d 6 tCr (2) suy ra: 


4 + x 2 


1 - 5-7 

4 + x 2 


240 x J 

yj(4~+~x 2 ) 3 ' 

! _ 7(4 + x 2 ) 3 (x 2 - 6 ) 
120 x s 

Vidu5. Tinh: 1= J- 


5- - 

_x 2 _ 

4 + x 2 


'x 2 - 


+ x 2 ) 3 5 3(4 + x 2 ) 


240x’ 


Giai 


Bien doi (x 2 - 8 ) de c 6 the di/a ra ngo&i dau cdn 

DAt x = —— => cos t = — (vdi cost / 0 0 < t < ^) 

cos t x 2 
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2 Q 8 Q 8(1 - cos 2 1) 8sin 2 t 
X — o = -r-o = 


cos 2 1 


cos 2 1 


cos 2 1 


Vi ph&n: dx = 


■s/8 sint 
cos 2 1 


dt 


v& sint = Vl - cos 2 t — ,11-- = 


8 Vx 2 -8 


/r sint . 

V 8 —— sin tdt 


Tac 6 : I = ~ <™ 2 1 

x.x 


8-M 

cos 3 1 


= f S * n - t dt = - f sin 2 1 cos tdt = i r sin 2 td(sin t) = ^ ^ sin 3 t + C 
J 8 8 J 8 J 83 


cost 

1 V(x 2 -8) : 
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+ C 


Vi du 6. Tlnh: I = f - 

J x 4 V^i 


Dat x = 


A 

cost 


t G 




V^3 


sint x 

tant = --- 7 =- 

cos t V 3 


Giai 


s 




=> cos t = — =s* sin t = Vl - cos 2 1 = 

X X 


Vi tan t = Vx 2 - 3 


Ta c 6 : dx = 


Vi sin tdt 
cos 2 t 

Vi sint 


Do d 6 : I = f — Q — 1 -— = ^ f cos 3 tdt 
J 9 r sin t 9 ^ 


Vi 


cos 4 1 cos t 

= - J (1 - sin 2 1 ) cos tdt = ^ J (1 - sin 2 t)d sin t 


= — sint - —sin s t + C=* + C 

9 27 9 x 27 x 3 


1 • . 1.-3 


^ Ia ^(2x’ + g ) + c 

27x 3 
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Vi du 7 


. Tlnh I = f-p 

J Ji 


dx 


2\3 


a + x 2 ) 


Giai 


Ta c6: I = 


dx 


v(a 2 + x 2 ) 3 
Bat x = atant 


t e 

°;|]| 

. 

2 ] 


=>dx = 


adt 
cos 2 1 


Vx z " + a 2 = Va 2 + a 2 tan 2 1 = 3 


cost 


adt 


Do d<5: I = f cos ‘ 1 = ~ f costdt 
J a a J 


a 

cos 3 1 


= -^-J^d(sint) = -^sint + C 


Biet sint = Vl - cos 2 1 = Jl-—- = 1 * 

1 x 


a 2 + x 2 


a 2 + x' 


=*• 1 = 


+ C 


a 2 >/a 2 + x 2 
Vf du 8. Tinh: 1= J^±Zdx 


Gi&i 


cosu 


Dat x 4 = tanu =*■ Vl + x 8 - Vl + tan 2 u = — 

du_ 

s 2 u 

du 


=> dx = 


4x 3 cos 2 u 



_ r cos u 4x 3 cos 2 u 

J X '3 

r du 

1 r cos udu 

J (cos 3 u).x 16 

4 J 4 sin 4 u 

COS u-— 

cos u 

l f cos udu 1 

pdsinu lsin' 3 u 

1 ^ sin 4 u 4 ■ 

J sin 4 u 4-4 + 1 

—L^ + c 

12 sin u 

(1) 


+ C 


Tinh sinu: sin 2 u = cos 2 u(tan 2 u) = 


l + x‘ 


=> sin u 



_J(1 + x 8)3 

TCr (1) suy ra: I = + C 

12 x ' 2 

DANG 3. TIM NGUYEN HAM BANG PHl/ONG PHAP 
LAY NGUYEN HAM T0NG PHAN 

Phitong phap. 


De tinh J f(x)dx bang phi/Ong phap lay nguyen ham ti/ng phan ta 

thuc hi^n cac bode sau: 

Bitfcfc 1: Phfin tich fix)dx = udv 

Nen chpn u sao cho du don gian, quen thuoc. 

Nen chon dv sao cho c 6 the tinh doge: \ = J dv vk J vdu 

Btfdfc 2: Tinh du = u’(x)dx ; v = J dv 

Btfdfc 3; Ap dung cong thtfc J udv = uv - J vdu 

* Cach suf dung cong thufc tinh nguyen ham tting phan: 
Dang 1. J p(x)e x dx , J'pMsin xdx , J p(x)cosxdx 

Dat u = p(x) 

Dang 2. j' p(x)lnxdx. Dat dv = p(x)dx 

Dang 3. J e 1 " sin bxdx , J e“ x cos bxdx 

Dung cdng thufc tinh nguygn ham tifng ph4n hai ldn vdi u = e“. 


Vi du 1. Tinh nguy£n ham cua cac ham so: 

a) fix) = (x 2 + 2)e 2x (Dai hoc mo Ha Npi - 1997) 

b) fix) = (2x 2 + x + l)e x (Dai hoc Hang hai - 1999) 

Giai 

a) Tinh I = f (x 2 + 2).e 2 *dx 

u = x 2 + 2 => du = 2 xdx 
Dat: _ i 

dv = e 2 ‘dx ^v = -e 


=> I = - (x 2 + 2 ).e 2x - f x.e 2, dx 

2 J 

u = x => du = dx 
Lai dat: 1 2 , 

dv = e => v = - e 
2 

=► f x.e 2 *dx = - x.e 2x --J e 2x dx 
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= i x.e 2x - i e 2x + C 
2 4 


Thay v6o (1): I = ^ (x 2 + 2).e* x - - xe 2x + - e 2x + C 

2 2 4 


2 5 

x - x + - 


.e * +C (C la hang so bat ky) 


b) Ta c6: J = J (2x 2 + x + l)e x dx 

Biet e x dx = de x nen J = J (2x 2 + x + l)de x 

Bat u = 2x 2 + x + 1 du = (4x + l)dx 
dv = de x => v = e x 

J = uv - J vdu = e*(2x 2 + x + 1) - J e x (4x + l)dx 
= e x (2x 2 + x + 1) - J(4x + l)de x 
= e x (2x 2 + x + 1) - (4x + l)e x + 4 J e x dx 

= e x (2x 2 + x + 1) - (4x + l)e x + 4e x + C 
= 2e x x 2 + e x x + e x - 4e x x - e x + 4e x + C 
= (2x 2 - 3x + 4)e x + C 
VSy: J = (2x 2 - 3x + 4)e x +C 

Vi du 2. Tinh: a) I = j' (x 2 - 2x + 3) sin xdx b) J = J (x 2 


a) DSt: 


Giai 

u = x 2 - 2x + 3 du= (2x - 2)dx 

dv = sin xdx => v = -cosx 

=> I = -(x 2 - 2x + 3)cosx + J (2x - 2) cos xdx 

Tinh A = f ( 2x - 2) cos xdx 

u = 2x - 2 => du = 2dx 

dv = cos xdx => v = sinx 
A = (2x - 2)sinx - 2 J sin xdx 


Dat: 


=> A = (2x - 2).sinx + 2cosx + C 
=> I = -(x 2 - 2x + 3)cosx + (2x - 2)sinx + 2cosx + C 
Vay: I = -(x 2 - 2x + l)cosx + (2x - 2)sinx + C 
b) Tinh J = J (x 2 - 3)e x dx 


Dat: 


u = x 2 - 3 => du = 2xdx 
dv = e x dx => v = e x 


=> J = (x 2 - 3).e x - f 2x.e x dx 


3).e x dx 
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Lai dat: 


u = 2 x =* du = 2 xdx 
dv = e'dx =» v = e* 

=> J 2 xe*dx = 2 x.e* - 2 J e'dx = 2 xe* - 2 e x + C 

=> J = (x 2 - 3).e* + 2x.e* - 2e‘ + C 
Viy J = (x 2 + 2x - 5).e* + C 

Vi du 3. Tinh: a) Jx tan 2 xdx b) Jx cos 2 xdx 

Giii 

a) Ta c 6 : 1= Jx tan 2 xdx 

= J x(l + tan 2 x - l)dx = J x(l + tan 2 x)dx - J xdx 

= f xd tan x - - x 2 + C 

J 2 

Tinh J xd(tan x) 

du - dx 
v = tan x 


( 1 ) 


Bat 


U = X 


dv = d tan x 


J xd tan x = x tan x - J tan xdx + C = x tan x - In cos x + C ( 2 ) 

Thg - (2) vao (1) ta ducfc: I = x tan x - In |cos x| - - x 2 + C 

2 

b) Ta c 6 : J = J xcos 2 xdx = Jx 


1 + cos 2 x 


dx 


= — f xdx + — f x cos 2xdx = — x 2 4- — xd(sin 2x) + C 
2-J 2d 4 4 

= — x 2 + — x sin 2 x - — J sin 2 xdx + C 


=> J = - x 2 + — x sin 2x - - cos 2x + C 
4 4 8 

Vi 4. Tinh 1= J xsin Vxdx 

(Dai hoc M 6 - Bia chtft - 1998, phfin ban) 
Gi&i 

Cach 1. 

Ta c6: 1= Jx sinVxdx 

X 6 t: d(cosVx) = -(\[x)' sin ■v/xdx = - - —sin '/xdx 

2 vx 

Suy ra: sin \fx dx = -2>/xdx(cos 

Do d 6 : I = J x|- 2 '/xd|coS'/xJJ = J*- 2 (>/x) 3 [d(cosVx)] 


30 



Bat: 


u = -2 (\fx) 3 => du = -3(Vx)d: 


[dv = d(cos Jx) => v = cos £ 

I = UV - J vdu = -2 yfx* COS Jx + J3(y/x) COS \Jxdx . 

= -2 \[x i 3 cos Jx + J6 x cos JxdJx = -2-Jx 3 cos Vx + 6J 
J = J xcosvxid Jx = J xd(sinVx) 

= xsin sin Jxdx 

Ta c6: d-J\ - —dx nen dx = 2jxdjx 
2 Vx 

Do d6: J = xsin \/x - J 2\[x sin JxdJx = xsin Jx + J 2>/xd(cos Jx) 
= xsin \/x + 2-Jx cos Jx - 2J cos JxdJx 
= xsin Vx + 2>/x cos \/x - 2 sin \/x + C (2) 

Thay J d (2) v&o (1) ta c6: 

I--*/? cos >/x + 6x sin Vx + 12>/x cos \/x - 12 sin Vx + C 

Cach 2: 

Bat: t= Jx thi x = t 2 ; dx = 2 tdt 

Do d6: I = J xsin Jxdx = J t 2 sin t(2tdt) = J 2t 3 sintdt 


u = t' 


du = 3t 2 dt 


dv = sin tdt => v = - cos t 


l = 2 J t 3 sin tdt = 2(-t 3 cost + J 3t 2 cos tdt) 

= -2t 3 cost +■ 6 t 2 d(sint) = -2 f^Jxj cos>/x + 6 J (3) 
Tinh J: J = f t 2 dsint 


u = t' 


=> du = 2 tdt 


[dv = d sin t => v = sin t 

Ta c 6 : J = t 2 dsint - J 2t sin tdt = xsin \/x + 2 J td(cost) 

= xsin Jx + 2(t cos t - J cos tdt) 

= xsin •Jx + 2\[x cos Vx - 2 J d(sin t) 

J = xsin>/x + 2 Vx cos -Jx - 2sin Vx (4) 

The J d (4) vko (3), ta c 6 : 

I = -277 cosjx + 6xsin Jx +12>/xcos'/x - 12sinVx +C 
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Vi du 5. Tinh: a) I = J sin x ln(tan x)dx b) J = f sindn x)d;x 


a) Ta c 6 : I = J sin x ln(tan x)dx 


Giai 


, . , 1 + tan 2 x , 2 dx 

u = ln(tan x) du =-dx =- 


Bat => 

dv — sin xdx 


tan x 


sin 2 x 


v = — cos x 


Dodd: I = uv - J vdu = - cos x ln(tan x) 4- J -■ 


sin x 


= -cosxln(tanx) + J 


x n , x 
cos — 2 d — 

2 2 

2 sin - cos 2 — 


4J M 

/ X X 

cot —d tan— + C 

2 2 

. - 

x 

=$-1 = - cos x ln(tan x) + In tan —b C 
b) Ta c 6 : J= |^sin(lnx)dx 

dx 

_ ^ u = sindn x) du = cos(lnx)-— 

Dat => x 

dv = dx 

V = X 

Do d 6 : J = uv - Jv du = xsin(lnx) - J cos(lnx)dx + C (1) 
Tinh J cosdn x)dx 

dx 

u = cos(lnx) du = -sin(lnx) — 

Dat => x 

dv = dx 


v = x 


=> J cos(ln x)dx = x cos(ln x) + J sin(ln x)dx + C ( 2 ) 
The (2) vao (1) ta ddoc: J = xsindnx) - xcos(lnx) - J + C 


=> J = — x[sin(ln x) - cos(ln x)] + C 
2 

Vi du 6. Tinh a) J In xdx ; 


b) j x In xdx 


a) J In xdx 


Giai 


i j dx 

Dat » = ln-*du = T 

dv = dx => v = x 
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Ta co: J In xdx = j' udv = uv - J vdu 

- x In x - J dx = xlnx - x + C 
b) J x In xdx 


Bat 


u = In x => du = — dx 
x 

dv = xdx => v = — 

2 


I = J udv = uv - J vdu = — In x - J — dx 


x 2 x 2 

1= — In x - —- + C 
2 4 

Vi du 7. Tim ho nguyen ham cua ham so: fix) = e' 2 x cos3x 

(Dai hoc Ngoai thitong - 1996) 

Giai 

Ta c 6 : d(sin3x) = 3cos3xdx 
nen: cos3xdx = ^d(sin3x) 

Do d 6 : I = J e“ 2x cos 3xdx = ^ J e' 2 "d(sin 3x) 

Dat: 


u = e 


du = d(e“ 2 *) 
v = sin 3x 


dv = d(sin 3x) 

I = - e“ 2x sin 3x - - f sin 3xd(e“ 2x ) 

3 3 J 

= - e“ 2x sin 3x + - f e 2, sin3xdx 
3 3" 

= -e' 2x sin3x - — f e' 2x d(cos3x) = ie 2x sin3x- —J (1) 
.3 9 J 3 9 


3 

Tlnh J: 

J = J e~ 2 x d(cos3x) = e 2x cos3x - J cos3xd(e" Zx ) 

J = e' 2 x cos3x + 21 (2) 

TCf (1) va (2) suy ra: 

I = - e" 2x sin 3x - - e~ 2x cos 3x - -1 


2 

sin 3x-e" 2x cos 3x 

9 


— I = i e" 2x 
9 3 

131 = 3e' 2 x sin3x - 2e~ Zx cos3x 

I = — e' 2x (3sin3x - 2cos3x) + C 
13 
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Vi du 8. Tlnh: 

a) 1= f — * — dx ; 
J (x + l) 2 


b) J = J' x. ln(x + l)dx. 


a) Bat 


u = x.e 


dv = 


=> 1 = 


x + 1 


(X +1) 2 

I 


dx => v = 


Giai 

du = (e* + x.e“ )dx 
1 


x + 1 


xe‘ r (x + l)e* , xe‘ 

+ J -— dx =-+ 


x + 1 


x + 1 


/eVdx 


VSy: 1= —+ e * + C. 

X + 1 

b) Tlnh J = J x. ln(x + l)dx 


Bat: 


=s> J = 


u = ln(x +1) => du 


dv — xdx => v = 
x 2 -1 


x + 1 
x 2 -l 


dx 


2 

ln(x +1) - — J^^dx 


x 2 -1 


Vfiy: J = 


2 

x 2 -l 


2 J x + 1 
ln(x + 1) - - J (x - l)dx 


.ln(x +1) - - 
2 2 


x* 

2 X 


+ C 


Vi du 9- Tlnh: 

a) 1= f ln(x + yjl + x 2 )dx ; b) J = f ln(s f- x ) 

J J sin x 

Giai 

a) Tlnh I = J ln(x + >/l + x 2 )dx 


Bat: 


u = In (x + Vl + x 2 j => du = 2 

dv = dx 


dx 


+ x‘ 


=> V = X 

xdx 


=> I = xlnfx + \Jl + x 2 )- f — 

Lai dat: u = 1 + x 2 => du = 2xdx 

J 7l + x 2 ^ 

Vfiy: I = xln(x + N/l + x 2 )-7l + x 2 +C 


dx 
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b)J= 

J ci 


ln(sin x) 


Bat: 


sin x 


u = ln(sin x) => du = C0SX dx = cot xdx 

sin x 


dv =--— dx => v = - cot x 

sin x 


=> J = - cot x. ln(sin x) + J cot 2 xdx 

J = - cotx. ln(sin x) + f —^-1 dx 

J {sin x 

Vay J = -cotx.ln(sinx) - cotx - x + C 

Vi du 10. Biet f = ln(x + Vx 2 + 3 )C. 


Tim nguyen ham F(x) = J yjx 2 + 3dx. 


(Dai hoc Y khoa Ha NOi - 1999) 


Gi&i 


Tad: / 


x 2 + 


= In x + Jx 2 + 3 + C. Tim F(x) = IJx 2 + 3dx 


Bat u = Jx 2 + 3dx => du = 


x 2 + 


dx; dv = dx => v = x 


f yjx 2 +3dx = uv - f vdu = x-Jx 2 +3 - f - =. X dx = xjx 2 +3 -1 f— 

J J J J^+3 >/ 7+3 

= x\Jx 2 + 3 - J \]x 2 + 3dx + 3 J dx 

2 f yfx 2 + 3dx = x\Jx 2 + 3 + 3 In |x + yjx 2 + 3 ) + C 

f yjx 2 + 3dx = - xjx 2 + 3 +| In (x + yjx 2 + 3j + C 

Ho aguySn ham F(x) la: F(x) = ^ xyjx 2 + 3 + 3 In |x + -Jx 2 + 3 jj + C 


C. roAN Tl/ LUY^N. 
Bai 1. 'Tinh: 


. . r sin 2 x - cos 2 x , 

a) A= J —r——; 

J sin x + co3 x 


»/ 


sin -Jx + cos -Jx 
n .sin 2 yfx 


Bai 2. '•'inh: 

»>>=/ 


(x 2 + 4)v(4x 2 + 1) 


b) j=/A- 

(l-X 4 ) 2 
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Bai 3. Ti'nh: 

a)A = / 
Bai 4. Ti'nh: 


xdx 
cos 2 x 


a) f e* sin xdx ; 
c) J sin x ln(cos x)dx ; 


b) B = J sin x. ln(cos x)dx 

b) J e‘ cos xdx ; 

d) f ———rdx. 

J (x +1) 2 


D. DAP S 6 VA HltfNG DAN GlAl. 

«.. - v . r - cos 2x , r - cos 2xdx 

Bai 


.. , » « r - cos zx , r - cos zxax p z 

ai 1. a) A = / -——-r- i — dx = / - = / - 

J 1 - 2sin XCOS X J , 1 . 2n.. J SI 


2 cos 2xdx 


1 - — sin 2 2x sin 2x - 2 
2 


Bat: u = sin2x => du = 2cos2xdx 
. f du 1 u - 42 

sin 2x - \[2 


1 


2 V 2 

b) B = / 


In 


sin 2x + ^2 


U + yfe 
+ C 


+ C 


sin Vx + cos Vx 


Kix= r 


dx 


+ 


2>/x. sin .cos r _j 2^ cos >/x ^ 2>/x.sinVx 


/ 


dx 


Bat: u = %/x => du = 

2vx 


=> B = 

r du 

1 d- | 

f du 

= In 

u x: 
tan - + - 

+ In j 

, U 

tan — 


J cos u J 

smu 


2 4 


2 


+ C 


= In 

Bai 2. a) Bat 2x = tant 


ton 

£ *) 

+ In 

, & 

tall 

2 + 4 

/ 

vull 

2 


+ C 


t e 


*5 




Vl + 4x 2 = Vl + tan 2 1 = — 

cost 


va dx = 


dt 


2 cos t 


2 . tan 2 t , sin 2 1 . sin 2 1 +16 cos 2 1 

x + 4 = —-— + 4 =-r- + 4 = 


Do d6: 1= f — 

J a i 


4 cos 2 t 
dt 

2 cos 2 1 


4 cos t 


_ 2 f costdt 

t 1 ^ sin 2 1 + 16 - 16 sin 2 1 


s in t+ 16 cos" 


4 cos 2 1 cos t 
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2 f dsin t 2 P dsint 
16-15sin 2 t J 15sin 2 t- 
_ _ 2 r d sin t 

J (>/l5 sin t) 2 - 4 2 
2 r d(>/l5 sin t) 2 


•s/l6 sin t - 4 


Vl5 J (n/ 15 sin t) 2 - 4 2 8^15 >/l5 sin t + 4 


Tinh sint: c6 2x = tant 


sin 2 1 
cos 2 1 


sin 2 1 = 4x 2 (l - sin 2 1) => sin 2 1 = 


l + 4x 2 


sin t = 


1 + 4x' 


%/l5x - 2Jl + 4x 2 


Vay: 1 =-^=In - ^ ' + 

4V15 |vl5x + 2\ll + 4x 2 

b) Bat x 2 = sinu (0 < u < n) 

1 - x 4 = 1 - sin 2 u = cos 2 u 

3 3 

(1 - x 4 ) 2 = (cos 2 u) 2 = cos 3 u 
Vi phSn: dx 2 = d(sinu) 

o 2xdx = cos udu <=> xdx = — cos udu 

2 


— cos udu 

Tac ,= = 


= ]r f ^ = 4 f d ^ tan u) 

9 J /'no 2 11 9 J 


(1 + x 4 ) 2 


cos u 2 J cos u 2 


=> I = — tanu + C (1) 

2 

Tinh: x 2 = sinu x 4 = sin 2 u => 1 - x 4 = cos 2 u 


2 * 

tan u = - 


1-x 4 

Do d6 tCi (1) ta suy ra: 


tanu = 


i.ii 


Bai 3. a) Dat 


u = x => du = dx 

dv = —-s— dx => v = tan x 


cos x 


A - xtanx - f tan xdx = x. tan x - f-dx 

J J cos x 

r(cos x)' , 

= x. tan x + I-dx 

J cosx 


Vay A = xtanx + In I cosx I + C 
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b) Tinh B = J sin x. ln(cosx)dx 
Bat: 


u = ln(cosx) du = - - n X dx 


cosx 

=> v = - cos x 


Bat 


dv = sin xdx 
=> B = - cos x. ln(cos x) - J sin xdx 
Vdy B = -cosxln(cosx) + cosx + C 
Bai 4. a) J e* sin xdx 

u = e* => du = e x dx 
dv = sin xdx => v = - cos x 

I = uv - J* vdu = -e x cos x + J' e x cos xdx 

j 

J = J e x cos xdx 
Bat 


u = e x => du = e x dx 


dv = cos xdx => v = sin x 
J = e x sinx - J e x sin xdx 
J = e x sinx - I 

Ta c6: I = -e x cosx + e x sinx - I 
V§y I = ^ e x (sinx - cosx) + C 

tu 

b) Tdcfng tif ta c6: 

I = e x sinx - J 
J = -e x cosx + I 

=> I = e x sinx + e x cosx - I 

V§y I = — e x (sinx + cosx) + C 
2 

c) J* sin x ln(cos x)dx 

Bat: 


u = ln(cos x) => du = - dx 


cosx 

dv = sin xdx => v = - cos x 
I = -cosxln(cosx) - J' sin xdx 
I = -cosxln(cosx) + cosx + C 
d, / 


■dx 


(x +1)‘ 


Bat 


u = x.e 


dv = 


=> du = (e x + xe')dx 
1 


(x + !)• 


dx => v = 


x + 1 
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-xe 


i+ jVd* 


xe' 


x + 1 


+ e x + C 


§1 . (nanif eaa) Qun. nguyen ham hung each lien ket 

A. IlfiN THLfC Ctf BAN. 

iid suf c£n lay nguyen ham cua ham s6' fix) ma gap kh6 khan. Neu tim 
dag mot ham so g(x) sao cho c6 the lfi'y nguy£n ham cua cdc ham s 6: 

* fix) + g<x) * f(x) - g(x) 

hi ta se la'y hai nguyen ham nay va bang each giai he phirong trinh se 
suy - a nguyen ham cua fix). 

B. ( Ac DANG TOAN DrfCN HINH 

DANG 1. LlfeN KET CAC HAM LG0NG GlAC 

Phidng phap. 

Chon ham li§n kSt thfch hup. 

Tim nguyen ham cua tdng va hi|u cdc ham li&n k£t. 

Gidi h$ phuung trinh de xdc dinh nguy&n ham c4n tim. 


Vi du 1. Cho I = f —— 

J sin x 


sinxdx 


vk 


+ cosx 

rinh I + J vzi I - J. Suy ra gi£ tri cua I v& J ? 

Giai 

sin x + cos x 


j = j- 

J SI 


cos xdx 


sin x + cos x 


sin x 4- cos x 
sin x - cos x 


dx = J l.dx = x + Ci 

, r -(cos x + sin x) ’ 
dx = j 


I + J= f 5? 

J si 

I-J= f 

J cos x + sin x J cos x + sin x 
=> 21 = x - In cos x + sin x| + C, + C 2 
2J = x + In I cosx + sinx I + Ci - C 2 
V$y: 1= i[x-ln|cosx + sinx|J + C 

J = ^ [x + In |cos x + sin x|] + C 


dx = - In 


cos x + sin x 


+ C, 


Vi du 2. Tinh 
I = J cos 2 xcos2xdx ; 

Ta c6: 


J = J sin 2 x cos 2xdx 
Giai 
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( 1 ) 


/ I 

cos 2xdx = - sin 2x + C. 

2 1 

I - J = J (cos 2 x - sin 2 x)cos2xdx = J cos 2 2xdx 
I-J = (1 + cos4x)dx = i|x + isin4x + C 2 


TO (1) v& (2) 


I + J = -sin2x + C. (1) 

=> 2 1 

I - J = - x + isin4x + C, (2) 
2 4 2 

V 

I = - x + sin2x +-sin4x + C 
4 4 

i i 

J = — x - sin 2x + - sin 4x + C 
4 4 


VI du 3. Tlnh I = f ®~*dx 

J cos2x 


Giai 


eat j= f^dx 

J cos2x 


m , r T f I C0S2 X , S ‘ n2 X 

Ta c6: I + J = f-h- 

J 1 cos 2x cos 2x 


= — In tan x + — + C, 
2 4 1 


dx = f —-—dx 
J cos2x 


-•> = / 


cos 2 x - sin 2 x 


_ r cos2x d x _ T 1( j x _ x + q 

J m.Q7Y 


cos2x 


cos2x 


Suy ra: 21 = x + - In tan x + — + C, + C 2 

2 4 

\ 

Vay: I = - + In tan x + - j + C 
2 4 4 


DANG 2. Ll£N KET HAM MU VA LOGARIT 


Phtfcfng phap. 

Sd dung phifong phdp lS'y nguyen h&m tifng phan k§'t hop vdi phifong 
phfip liSn k£t. 

VI du 1 . Tlnh: 1 = J e“.cosbxdx v£ J= fe". sinbxdx 
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Giai 


K Tinh I: 


u = e 


=>u' = a.e x 


v ' = cos bx => v = — sin bx 

l b 

I = ^ e **. sin bx - ~ f e** sin bxdx 
b b J 

= ^ e a *. sin bx - ^ .J (] 

b b 


* Tinh J: 


u = e 


=> u = a.e* 


v' = sin bx => v = - — cos bx 
l b 

=> J = - ~ e*\ cos bx + ~ f e ax cos bxdx 
b b J 

- -^-e^.cosbx + ^.I (2) 

b b 

« 

Thay (2) vho (1): 1= — e*\sinbx-~ --^e“ cos bx + — I 

b b b b 

... T e’Macosbx + bsin bx) _ 

v ^y: i =-5—n- + c 

a 2 + b 

Tuong tii thay (1) v&o (2) ta daoc: 

. e" (a sin bx - b cos bx) 

J= ^Tb 2 - + C 

Vi du 2. Cho I = f e ' dx vk J = f - e - - dx - 

J e" + e'* J e* + e _l 

Tinh I + J vk I - J. Suy ra gid tri cua I va J. 

Giai 


Ta c6: I + J = 


I-J = 


e + e - * e* + e 


—ja* = /i.dx = 


= x + C, 


e* + e * e* + e‘* 


= r^-i_dx= /*<*- 

J e x + e' E J e‘ 
= ln(e x + e~ x ) + C 2 
=> 21 = x + ln(e x + e' x ) + Ci + C 2 
2J = x - ln(e x + e -x ) + Ci - C 2 

V*y: I = i[ x + ln(e‘ +e- x )] + C 


(e* +e' x Y 


e‘ + e 
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J = ^ [ x - ln(e x + e x )] + C' 

Vi du. 3. Tinh: 

I = J cosdn x)dx ; J = J sin(ln x)dx 

(DH Tdng hop TP.HCM, khdi A/1976 - 1977) 
Giai 

Be tinh I = J cosdn x)dx ta dung phuong phdp tich phSn ti/ng phan 


bang cdch dat 


„ . , sindn x) , 

u = cosdn x) => du =-dx 


dv = dx => v = x 

Ta c 6 : I = J cosdn x)dx = x cosdn x) + J sin(ln x)dx = x cosdn x) + J (1) 

Toong to, bang cdch dat: u = sin(lnx); dv = dx 

ta lai tinh duoc: J = xsin(lnx) - I (2) 

T if ( 1 ) vd ( 2 ):' 

r 

I = - x [cosdn x) + sin(ln x)] + C, 


I = x cosdn x)-f J (1) 
J = x sindn x) - I (2) 


J = — x [sindn x) - cos(ln x)] + C. 


c. toAn ti/ luy£n. 

Bai 1 . Tim nguyen ham cua ham so: fix) = 

Bai 2 . Tinh I = J' (a cos 2 wt + bsin 2 wt)dt (*) 

D. DAP S 6 vA HlftjfNG DAN GlAl. 


COS X 


cos 4 x + sin 4 x 


Bai 1. Vdi g(x) = 


sin x 


cos 4 x +■ sin 4 x 


ta cd: fix) + g(x) = 1 


vd 


fix) - g(x) = 


cos 4 x - sin 4 x 


cos 2 x 


cos x + sin 4 x 1 _l 8in . 2x 

2 

2 cos 2 x (sin 2 x)' 


2 - sin 2 x 2 - sin 2 x 



F(x) + G(x) = x + C, 


vay 

Fix) - G(x) =-4= In 
2>/2 

+ sin 2 x 


■ J2 - sin 2 x 


+ C. 


F(x) = 4— 7 = In 

2 4v2 


•J2 + sin 2 x 


•J 2 - sin 2 x 


+ C 
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(2) 


Ba 2. Bat J= J'ibcos 2 wt + a sin 2 wt)dt. Ta c6: 

I+J= J (a + b)dt = (a + b)t + C, (1) 

rk I - J = f (a - b) cos 2wtdt — ——— sin 2wt + C, 

J 2w 2 

m (1) va (2) => I = -—- sin 2wt + - - + - t + C 

4w 2 

>hu y: Ta c6 the tinh true tiep I b&ng each bien doi: 

2 . l + cos2wt , . 2 . l-cos2wt ... , 

cos wt =- va sm wt = - roi thay vao (*) van 

2 2 

datduoc kg't qua. 


TOAN 1\J LUAN ON TAP CHl/ONG I 


a. uen thlTc cd bAn 

s Khdi niem nguy£n ham. 
s Nguyen ham cua m6t so ham so thudng gap. 

11 Cac tinh chffc cua nguySn ham. 

11 Phifcmg phap d6i bien s6'. 
s PhdOng phap tim nguy§n ham tifng phdn. 

* Tim nguydn ham b&ng edeh li§n k£t. 

B. JAI TAP. 

Ba 1. Tinh cac nguySn ham sau d£y: 

j 3x 2 +1 , .. r 7x +10 


x 3 - 2x 2 + 6 


dx 


b > / 


x(x - 2)(x - 5) 


dx 


a) Ta c6: 
P(x) 


3x 2 +1 


Giai 

3x 2 +1 


Q(x) (x - l)(x + 2)(x - 3) (x - l)(x + 2)(x - 3) 


+ 


B 


+ 


x-1 x + 2 x - 3 
_ A(x + 2)(x - 3) + B(x - l)(x - 3) + C(x - l)(x + 2) 

(x - l)(x + 2)(x - 3) 

So sdnh hai v£, ta c6: 

A(x + 2)(x - 3) + B(x - l)(x - 3) + C(x - l)(x + 2) = 3x 2 + 1 

2 

Cho x = 1 ta dtfcfc -6A = 4 => A = — 

3 

13 

Cho x = -2 ta dtftfc 15B = 13 => B = — 

15 
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Cho x = 3 ta diftfc IOC = 28 => C = — 

5 


Vay I = f 


+ 


13 

15 


+ 


14 

5 


x + 2 x - 3 


dx 


1= - - In x - 1 + — In lx + 2| + — In x - 3 + C 
o 15 1 1 K 


b) f 

ta c6: 


3 

7x + 10 


dx 


x(x - 2)(x - 5) 

P(x) _ 7x + 10 
Q(x) ~ 


A 

x 


B 


+ 


x(x - 2)(x -5) X x-2 x-5 

A(x - 2)(x - 5) + Bx(x - 5) + Cx(x - 2) 


x(x - 2)(x - 5) 

So sdnh hai ve ta c6: 

A(x - 2)(x - 5) + Bx(x - 5) + Cx(x - 2) = 7x + 10 
Cho x = 0 ta c6 A = 1 
x = 2 ta c6 B = -4 
x = 5 ta c6 C = 3 

1 4 3 

x 


V&yl = J 


+ 


dx 


x-2 x-5 

I = In I x I - 41n I x - 2 | + 31n 1 x - 5 I + C 
2x 2 + 2x + 13 


Bai 2. Tinh f — 
J (v — 


dx 


(x - 2)<x‘ + 1)- 


Trade het cAn phSn tich 


Giai 

2x 2 + 2x + 13 


thanh nhCfng ph£n thtfc don gidn. 


(x - 2)(x 2 + l ) 2 

Chu y rang trong tradng hop n&y c6 thtta so (x 2 + l) 2 . Ta phan tich bang 
2x 2 + 2x +13 A 
x-2 


edeh dat: 


Bx + C + Dx + E 


x 2 +1 (x 2 4-1) 2 


(x - 2)(x 2 + l) 2 
Quy d6ng mau so: 

2x 2 + 2x + 13 = A(x 2 + l) 2 + (Bx + C)(x 2 + l)(x - 2) + (Dx + E)(x - 2) 
= (A + B)x 4 + (C - 2B)x 3 + (2A + B - 2C + D)x 2 + 

+ (C - 2B - 2D + E)x + (A - 2C - 2E) 


Dong nha't ede h§ s6' ta c6: 


A + B = 0 

A = 1 

C - 2B = 0 

B = -1 

2A + B-2C + D = 2 => 

C = -2 

-2B + C + E - 2D = 2 

D = -3 

A - 2C - 2E = 13 

E = -4 
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x + 2 3x 4- 4 


Vay 


2x 2 + 2x 4-13 


(x - 2)(x 2 + l) 8 x - 2 x 2 + 1 <x 2 4- l) 2 

r dx rx + 2 . r 3x 4- 4 

dx = J7^-J^TJ dx -J7^ 


r 2x 2 4 2x + 13 
•Mx - 2)(x 2 + l) 1 


Bai 3. Cho hkm so y = 


x -2 
3x 2 + 3x 4- 3 
x 3 - 3x + 2 


dx 


(x 2 + 1)' 


a) Xkc dinh A, B, C de cho y = 

b) Tim ckc nguyen hkm cua y. 


A 


B C 

4--+ 


a) 7a c6: y = 


3x 2 + 3x + 3 


(x-1) 2 x — 1 x + 2 

(Bai hoc Y dime TP.Ho Chi Minh 

Giai 
A 


B C 

4- 


x 3 — 3x 4- 2 (x-1) 2 (x-1) (x + 2) 

A(x 4- 2) + B(x - l)(x + 2) 4- C(x - l) 2 


(x - l) 2 (x + 2) 

(B + C)x 2 + (A + B - 2C)(x 4- 2) 4- C(x - l) 2 


x 2 - 3x 4- 2 
B 4- C = 3 
A 4- B - 2C = 3 => 
2A - 2B 4- C = 3 


Do 16, suy ra: 

y. 3x 2 4- 3x 4- 3 _ 

x 3 - 3x 4- 2 ~ (x - l) 2 (x-1) (x 4- 2) 

b) Tim ckc nguyen hkm cua hkm so y 
3 


3 + 


A = 3 
B = 2 
C = 1 
1 


Ta:6: / 


+ + 1 


dx 


(x-1) 2 ‘ (x-1) ' (x + 2) 

= 3/(x-ir*d(,-l) + 2/ d ^ + / d(X + 2) 
3(x -1) 2+1 


x 4- 2 


-2 4-1 


+ 2 In x - 1 + In 


2| + C 


= —— 4-21n x-l|4-ln X4-2I4-C = ——- -I- 2 In — —4- C 
x-1 1 1 x-1 


x 4- 2| 


Ngiyen hkm cua hkm s6' y lk: 

Bai 4. rinh ckc nguyen hkm sau: 
x 3 dx 


-3 + 21„<M>: + C 


x-1 


x 4- 2| 


a) / 


14^4 1 


b) f 


dx 


(x 4-1)Vx 2 4- 3x 4- 2 


1996) 
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x 2 +2 


Giai 


x 3 dx 


a) I = f-7=— 

Bat u = \fx* + 1 => u 3 = X 4 + 1 


3u 2 du = 4x 3 dx => x 3 dx = : 


I = 3 f u^ = 3r u i -l ± l du 
4 J 1 + u 4 J u-fl 


i = - riu-i-H 

4 


-Uiu 

u + lf 


I = - 
4 


-—u + ln|u + lj| + C 


^ x \ ti ll -llx 4 +1 + ln|V^ 4 +1+1 


+ C 


b >I= / 


dx 


(x + 1 )n/x 2 + 3x + 2 


Bat x + l = 




x + l = i=>t = -l— 

t X + l 

x = -- l=>dx = --^-dt 


-idt 


1-1 

2 

+ 3 

i-ll 

t 


t 


+ 2 


I= f fi 


-dt 


t IA-- + 1 + --3 + 2 




dt 


t + 1 


Trtfcfng htfp 1. t > 0 => x > -1 

dt = -wm+ c 


Tac6 I = -f 


yjt 4-1 


I = -2J—-—h 1 + C => i.-2Ji^+C 


x +1 


x +1 



Tnfc/ng hpfp 2. t < 0 => x < -1 

Ta c6: I = 2.E^ + C 


C)I= f 


i x +1 

3x 2 - x , 

. — dx 

v7 + 2 

* 3(x 2 + 2) - x - 6 


l= 

J v/x 2 +2 

i = 3 /TFTito-i/ 


1 r 2xdx 

2-i ./XT 


zxax q r ax 

772 ” J Jx T + 2 


I = 3 - \/x 2 + 2 + In x + Vx 2 + 2 - vx 2 + 2 - 61n x + vx 2 + 2 + C 


V^y 1= 2*—? V7+2 - 3 In x +s/772 + C 
2 


d)i =^ 

i=3 /7 


- 2x - x 2 
2x +1 


2\/x + x + 2 


dx-i j-,—£ 


x + ^ + ? 


2 4 


I = 3v/x 2 + x + 2- -lnx + ^ + Vx 2 + x + 2+ C 

Bai 5. a) Tim nguy£n h&m cua h&m s6' fix) = cos 3 xsin8x 

(Trung t&m B&o tao v& Boi dU0ng c&n bo y te TPHCM - 1993) 

1 

b) Tim nguyen h&m cua h&m s6: fix) = sin x - — (2 + sin 2x) 

4 

(Bai hoc QuS’c gia H& Npi - khoi A - 1996) 
Giai 

a) Ta bi£t cos3x = 4cos 3 x - 3cosx =*• cos 3 x = — (3 cos x + cos 3x) 

4 

Bo d6 fix) = — [3sin8xcosx + sin8xcos3x] 

4 

Ap dung cdng thufc: sinacosb = ^ [sin(a + b) + sin(a - b)] 

1 [3 1 

Ta c6: fix) = — - (sin 9x + sin 7x) + - (sin 1 lx + sin 5x) 

4(2 2 

3 1 

= — (sin9x +sin7x) + — (sinllx + sin5x) 

8 8 

V&y nguySn h&m cdn tim: 


47 



f f(x)dx = -£ 
J 8 

b) Ta c6 the viet: 


3 

1 cos9x 

cos7x’ 

1 

cos 1lx 

cos5x 

■4~ 

8 

l 9 

+ 7 j 

" 8 

11 

5 


fix) = sin 


n 

X- 

4 


(2 + sin2x) = 2sin 


TT 


TT 

X- 

4 

+ sin 

X- 

4 


+ C 


sin2x 


Ap dung cdng there: sinasinb = - [cos(a - b) - cos(a + b)] 

4 Cl 


Ta c6: sin 

r 

Tt 

X- 

sin2x = 

1 

-cos 

1 

IT 

x + — 

i 

— cos 

_ IT 

3x - — 


4 / 


2 

4 

2 

4 


Do d6: fix) = 2sin 
Vky nguyen h&m din tim: 


n 

x- 

4 


1 

T\ 

1 


+ - cos 

x + — 

-cos 

3x- 

2 

4 

2 

4 


711 , 1 

x + - dx - - 

f cos 

3x - — 

4 2 J 

[ 

4 


dx 


= -2 cos 

Tl 

1 . 

•TC 

i 

3x - 

7f 

X — 

+ — sin 

X + T 

— sin 

— 


1 4 

2 

4 

6 


4 


+ C 


Bai 6. a) Tim ho nguyen h&m cua h&m so fix) = 

dx 


sin 3x.sin4x 


tan x + cot 2x 
(Dai hoc Ngoai thiiong H& Noi — 1997) 


b) Tinh I = f 
J 


sin 3 x cos 5 x 


(Dai hoc T&i chfnh Ha NOi — 1996) 
Giai 


. m SinX . C0S2X 

a) Ta biet: tanx + cot2x =-(- 


cos x sin 2x 
cos 2x cos x + sin 2x sin x cos(2x - x) 


1 


cos x sin 2x 


cos x sin 2x ssin 2x 


Do d6: fix) = sin2xsin3xsin4x = — (cosx - cos5x)sin4x 

2 

= — sin4xcosx - — cos5xsin4x 
2 2 

= -(sin5x + sin3x)-(sin9x - sinx) 

4 4 

= i(sinx + sin3x + sin5x - sin9x) 

4 


Vay ho nguyen him F(x) cua fix) 1&: 


F(x) = i 
4 


1 _ 1 . 1 

-cosx —cos3x —cos5x + -cosx 
3 5 9 


+ C 
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hay F(x) = - — cos x 4- — cos 3x 4- - cos 5x - - cos 9x 
4 3 5 9 


+ C 


10 Ta co the viet: 

dx 


1 = /t 


yj sin 3 xcos :> x 
dx 




dx 


I = f - — < ”- = f 

cos 2 xvtan 3 x 

I = J' (tan x) 4 d(tan x) = = 4\/tan x + C 


an x cos x 

dx_ 

3 

(tan x) 4 cos 2 x 

i 


Bai 7. a) Tim ho nguyen h&m cua h&m so: fTx) = 


cosx + sin x cos x 


2 + sin x 
(Dai hoc Ngoai thiicmg TPHCM 
ID Tim ho nguyen h&m cua h&m so: fix) = cos J x.cos3x 

(Dai hoc Ngoai thifcmg khoi D 
Giai 

n) Ta c6 the viet: 

cos x + sin x cos x 2 cos x 4- sin x cos x - cos x 


1997) 

1998) 


flx) = 


2 + sin x 

cos x(2 + sin x) - cos x 
2 + sin x 
cosx 


2 4- sin x 


= cosx - 


2 4- sin x 


(Do 2 + sinx * 0) 


Do d6: f f(x)dx = f cosxdx - / — C0SX dx 
J J J 9. 4- sin y 


= sinx 


-i- 


2 4- sinx 
d(sin x + 2) 


= sin x - In sin x + 2 


sin x + 2 

Vay ho nguyen hfim cin tim: F(x) = sinx - In sin x 4- 2 + C 

% 

b) Ta biet cong thCfc: cos3x = 4cos 3 x - 3cosx 


3 3 cos x 4- cos 3x 

=}> cos x =- 


Do d6: f(x) = cos 3 x cos 3x = - (3 cos x cos 3x 4- cos 2 3x) 

4 


fix) 

4 
1 


3 . . , . . 1 4- cos 6x 

— (cos 4x 4- cos 2x) 4-- 

2 2 


fix) = — [3cos4x + 3cos2x 4- cos6x + 1] 
8 

Ap dung c6ng thufc: 
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f cos(ax + b)dx = - sin(ax + b) -f C 
J a 


Ta c6 ho nguyen ham tim: 


F(„ . | 


3 3 1 

— sin 4x + — sin 2x + - sin 6x + x 

4 2 6 


+ C 


Bai 8. a) Goi F(x) = f — — - —-dx. Bkng phiiong phdp th§m bdt vdio tuf s6' 

J x 3 + x 5 

h3y tinh nguyen ham cua F(x) tren. 

(Bai hoc Y Ha N6i — 1997) 

b) Tim nguy§n ham F(x) cua ham s6' fix) = 2sin5x + \fx + — sao cho do 

5 

thi cua ham s6' fix) va F(x) cat nhau tai m$t didm nam trdn true tung.. 

(Bai hoc Quoc gia Ha N<?i - khoi B — 1996) 

Gi&i 

a) Ta c6 the vid't: 


dx 


x*(l + x') 


-I 

-I 


a-x 2 )(i+x 2 )+s 


^ 3 (1 4-JC 2 ) 


dx 


=/ 


1-* 


l + x 


x 2 -^- 


l+x 2 } 

1 




kv 

d(x 2 + 1 ) 
x 2 + \ 


= —- ln H + - | n(l+x 2 ) 


= In \J\ + x 2 — In 




1 


2 ^ W 

b) Ta c6 fix) = 2sin5x + -Jx +— = 2sin5x+ + — 


2x 

' l 

5 


+ C 


Do dd nguydn ham 


2 I 


F(x) = - - cos 5x + - x 2 + - x + C 
5 3 5 

. 2 _ 2xVx 3 _ 

F(x) = — cos 5x + —-— + -x + C 
5 3 5 


D6 thi cua ham stf fix) va F(x) c£t nhau tai 1 didm tr§n true tung jnfn 
x = 0 


F(0) = fiO) => -f + C = f => C = | + | = 1 

5 5 5 5 


2 OvJv Q 

VSy nguydn ham edn tim: F(x) = — cos 5x H--f — x + 1 

5 3 5 
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Bai 9. Tinh 

a) I = J x sin xdx ; 


a) Dat 


b) K = J x 2 sin 3xdx . 
Gidi 

u = x => du = dx 
dv as sin xdx => v = - cos x 
I = J udv = uv - J vdu = -x cos x + J cos xdx 

= -xcosx + sinx + C 

u = x 2 => du = 2xdx 

b) Bat i 

dv = sin 3xdx v = — cos 3x 

3 

K = j x 2 sin 3xdx - J udv = uv - J vdu 
= x 2 cos3x + ^ fxcos3xdx (*) 


3 

Lai dat: 


u = x => du = dx 


1 . 


dv = cos 3xdx => v — - sin 3x 

3 


J x cos 3xdx = J udv = uv - J vdu 

= — x sin 3x - — f sin 3xdx = - x sin 3x + — cos 3x + C, 
3 3 ^ 3 9 1 


Thay vdo (*) ta di/oc: 

K = -ix 2 cos3x + - 
3 3 


- x sin 3x -f - cos 3x + C, 
3 9 1 


12 2 
K = --x 2 cos3x + -xsin3x + — cos3x + C 
3 9 27 

2 - 9x 2 2 

= -cos 3x + - x sin 3x + C 

27 9 


Bai 10. Tinh 

a) J e 1 sin xdx ; 


a) Dat 


b) J e 2 * cos 3xdx 

Giai 

u ~ 6* =r* du — e'dx 
dv = sin xdx => v = - cos x 
J e‘ sin xdx = -e* cosx + J e' cos xdx (*) 

Lai tich phdn tCfng phdn m$t I4n ntfa de tinh J e x cos xdx r6i thay vdo 
(*) ta di/oc: 

Ket qud: J e* sin xdx = ^ e x (sin x - cos x) + C 
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b) Bat: 


u = cos 3x du = -3 sin 3xdx 

dv = e 2x dx =» v = — e 2 * 

2 


=> f e 2 * cos 3xdx = — e 2 * cos 3x + — f e 2x sin 3xdx (*) 

J 2 2 J 

Lai tich phan ti/ng ph£n ldn nOa de ti'nh J e 2 * sin 3x dx bang cdch dat: 


u = sin 3x 


roi thay vko (*) ta duoc: 


dv = e 2, dx 

r , e 2 ‘ 

| e cos 3xdx = — (2 cos 3x + 3 sin 3x) + C 
J 13 

c. toAn Tl/ luy£n. 


Bai 1. Tim nguyen ham cua ham so: y = 

dx 


3x + 1 
(x +1) 3 

(Bai hoc Ngfin hang TPHCM - 1991) 


Bai 2. Tinh I = f . - . 

J Vx - 2 - Vx - 1 


(Cao dang Sii pham Ky thufit — 1998) 
ln(ex) 


Bai 3. Tim ho nguyen ham cua ham s6': Kx) = 

1 + xln x 

(Hoc vien Quan h$ Quoc te - khoi A - 1997) 
Bai 4. Tim ho nguydn ham cua ham s6': 

ftx) = sin 3 xcos3x + cos 3 xsin3x 

(Hoc vi$n Quan h£ Quoc te - 1998) 

D. DAP S 6 vA HlJtf NG DAN GlAl. 

Bai 1. Ta c6 thg vi§'t: 




x + \ x + l-| 
-3- = 3- 3 - 


(x + l) 3 (x + l) 2 (x +1) 3 
(ax + b) mtl 


+ C 


(x + l) 3 (x + l) 3 

Ap dung cflng thufc: f (ax + b) ra dx = 

J a(m + 1) 

Vay nguy&n ham cdn tim: f ydx = 3 f ———r -2 f 

J J (x +1) J 

= 3 f(x + l)' 2 dx -2 J (x + ir 3 dx 


dx 


(x + 1)‘ 


_ 3 (x + l)- 1 2 (x +1)- 2 


-1 


-2 


f 


x +1 (x + 1)' 


+ C 


Bai 2. Tinh I = ** . = 

J V^2-V^1 J (x-2)-(x- 


1 ) 


dx 


x — 2 + vX — 1 QX 


/ i i o - 2 - 

(x - 2 ) 2 + (x-l ) 2 dx = - -(x - 2 ) 2 +-(x-l ) 2 +C 


= _||V(x - 2 ) 3 + V(x-l ) 3 +C 

Ba 3. Him so da cho c6 th£ viet: fix) = 
'Jgoii ra ta biet: 


ln(ex) lne + lnx 1 + lnx 
1 + xlnx 1 + xlnx . 1 + xlnx 


y = 1 + xlnx =>y' = 0 + llnx + x.- = l + lnx 

x 

=> dy = (1 + In x)dx 
lay d(l + xlnx) = (1 + lnx)dx 

»d6: f f(x)dx = /-A±i2iLdx= f ? (1 — — = In [l + x In x| + C 

J J 1 + xln x J 1 + xlnx 

/iy ho nguyen him din tim: F(x) = In 11 + xlnx I + C 

Ba 4. Cong thufc li/gng giic: 

sin3x = 3sinx - 4sin 3 x ; cos3x = 4cos 3 x - 3cosx 

)o d 6 bien doi: 

fix) = sin 3 xcos3x + cos 3 xsin3x 

= sin 3 x(4cos 3 x - 3cosx) + cos 3 x(3sinx - 4sin 3 x) 

= 4sin 3 xcos 3 x - 3cosxsin 3 x + 3sinxcos 3 x - 4cos 3 xsin- 3 x 

= 3sinxcos 3 x - 3cosxsin 3 x = 3sinxcosx(cos 2 x - sin 2 x) 

3 3 

= -sin2x.cos2x = — sin4x 
2 4 

3 1 3 

My ho nguyen hkm c&n tim: F(x) = — - T cos4x = - — cos4x + C 

4 4 16 


cau h6i trAc nghiem ON TAP CHUCNG I 

A. (Au h6i trAc NGHlfM. 

1 . Tnh dao him cua xsinx roi suy ra nguygn him cua xcosx li: 

A) xsinx + C ; (B) xcosx + C ; 


C) — cosx + C ; 

2 


2. Tm m§t nguyen him cua 1 + 4. 


(D) xsinx + cosx + C. 


2 x 
tan - 


2 —- bi£t nguyin him niy b&ng 


tan 2 ^ -1 


3khi x = —. Nguyen him li: 
4 
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(A) 


cos 2 X 


+ 3 ; (B) 


+ 3 ; 


(C) tanx + 2 ; 


(D) co'tx + 2. 


sin x 

3. Hkm s 6 ' y = In I sinx - 3cosx I lk m$t nguykn hkm cua hkm so nko saiu dky ? 

... _ . sinx-3cosx 

(A) y = cosx + 3sinx ; (B) y = 


(C) y = 


- cos x - 3 sin x 


sin x - 3 cos x 
4. Tim nguydn hkm F(x) cua fix) = 

5 


(D) y = 


cos x + 3 sin x 
cos x + 3 sin x 
sinx-3cosx 


(x+2 y 


- biet F(3) = 1. F(x) bkng: 


(A) Fix) = 
(C) Fix) = 


x + 2 ’ 
2 x -1 


(B) Fix) = 
(D) Fix) = 


-x + 8 
x + 2 
3x - 4 


x +2 ' x +2 

5. Fix) = x + In 12sinx - cosx I lk m§t nguykn hkm cua: 


(A) 

(C) 


6 . Fix) = 


sin x - cos x 

_ • 

3 cos x + sin x 
sin x - cos x 
3 cos x + sin x 
2 x 2 - x + 1 


(B) 

(D) 


2 cos x + sin x 

2 sin x - cos x 

3 sin x + cos x 
2 sin x - cos x 


1 -x 


lk mOt nguy§n hkm cua: 


(A) ; 

(1 - x ) 2 

x 2 

(B) — 
(1 

+ x + 2 
-x ) 2 ’ 


r -2x 2 + 4x . 

(x - 1) 2 

2 x ! ~ 4x +1 

(X -1) 2 


7. Nguykn hkm cua 2x(l + 3x 3 ) lk: 




(A) x 2 (x + x 3 ) + C ; 

(B) x 2 (l + 3x 2 ) + C ; 

(C) 2x(x + x 3 ) + C ; 

(D) x 2 

1 + ^- 
5 , 

+ C 

8 . NguySn hkm cua - x 2 - — lk: 

x 3 





iB) 

O X o 

+ c 

x - 3x - x 4 
(C) 3x ’ 

(D,-i 

ry +c - 


2_x A 

9. Tim A vk B sao cho —--= — + 

x J + 2 x x 


B 


x + 2 


(A) A = 2 vk B = -1 ; (B) A = 2 vk B = 1 ; 

(C) A = 1 vk B = 2 ; (D) A = 1 vk B = -2. 

10. Bkt A = Jsin 2 xdx vk B = Jcos 2 xdx. Gik tri A - B bkng: 


54 



(A) A - B = - sin2x + C ; 

m 


(C) A - B = — sin2x + C 
2 


11. j 


XV x + 


r* 


dx b&ng: 


(A) ^Lj± + C ; 

Vx 

(O + C ; 

VX 

12 . J(9x 2 - 6 x + l) 2 dx bang: 
(A) (3x^xf +c 


(C) i(3x - l ) 5 + C ; 
5 


(B) A - B = - cos2x + C ; 
z 

(D) A - B = - — cos2x + C. 
2 


(B) 2( ^ +1} + C ; 
(D) 1 + 2 ^* +C. 


(B) 


3x 3 - 3x 2 + x ^ 5 


+ C ; 


(D) —(3x-l ) 5 +C. 
15 


13. F(x) = 


1 - tan x. tan 2 x 
tan 2 x + tan x 


1 


\2 


+ 1 


(A) F(x) = - cot3x + C ; 
3 

(C) F(x) = itan2x + C ; 
2 


dx bang: 


(B) F(x) = - ± cot3x + C ; 

u 

(D) F(x) = - — tan2x + C. 
2 


14. F(x) = | 


Jv X 

3 cos — 4 cos 3 — 


dx bang: 


(A) F(x) = sin-| - sin 4 ^ + C ; (B) F(x) = 6 sin^ - ^sin 4 x + C ; 

3 3 3 3 

(C) F(x) = -cosx + C ; (D) F(x) = -sinx + C. 

15. J(x 3 - 3x 2 + 3x - l)(x 2 - 2 x + l) 2 dx b&ng: 


, A . . x 4 , 3x 
(A)-x +-x 


X 2 
— - X + X 

3 


(C) 


- x 3 + 3x 


N/ y 3 
^-x 2 

3 


+ C 


+ C ; (B)£-^ + C; 

8 

5 


16. [ —~ dx bkng: 
J 2 — ox 


(A) 


(2 - 3x)‘ 


+ C ; 


(B) - 


(2 - 3x) 


+ C ; 


(C) — In |2 — 3x| + C ; 


(D) ~ln|3x-2| + C. 
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17. Ti'nh dao ham cua x(lnx - 1), tuf d 6 suy ra nguyen ham F(x) cua 

fix) = lnx + — bang: 
x 

(A) F(x) = (x + l)lnx - x + C ; (B) F(x) = lnx - -1 + C ; 

x 2 

(C) F(x) = x + (x + l)lnx + C ; (D) F(x) = lnx + — + C. 

x 2 

18. Biet sin 6 x + cos 6 x = 1 - -sin 2 2x va sin 2 x = -——- 3 -- X -. 

4 2 

F(x) = jcos 6 xdx + Jsin 6 xdx bang: 

(A) F(x) - -x - -sin4x + C ; (B) Fix) = ~ x --J-sin 4x + C ; 

8 8 8 32 

(C) F(x) = -x + — sin4x + C ; (D) F(x) = ^x + - sin4x + C. 

8 32 8 8 


19. Ho nguyen ham f —-—dx bang: 

J 1 + e” 

(A) x - ln(e x + 1) + C ; (B) ln(e x + 1) + C ; 

(C) x 2 + ln(e x + 1) + C ; (D) Ket qua khdc. 

20. Ham so F(x) = sin z 2x la mot nguyen ham cua ham so: 
(A) fix) = cos 2 2x ; 

(C) fix) = 4cos4x ; 

(x 2 + if 

21. Nguyen ham cua - bkng: 


(B) fix) = 2sin4x ; 
(D) fix) = sin4x. 


+ x 


(A) 


x 

~2 

3 1 


+ C ; 


(C) — + - + 2x + C ; 

3 x 

22 . |2sin4x.cos2xdx bang: 


(A) - 


— cos 6 x + — cos 2 x 
6 2 


(B) 


'x 3 


+ X 


X 

, 2 / 

3 1 


+ C ; 


(D) — - - + 2x + C. 
3 x 


+ C ; (B) - cos 3x + cos x + C ; 
3 


(C) -cos 6 x + icos2x + C ; 
6 2 


23. J(2 X -4 x )dx bang: 


*\2 


(A) 


( 2 X ) 


In 2 In 2 


+ C ; 


(D) - 


— cos 3x + cos x 
3 


+ C. 


(B) -^-(l-2 x , ) + C ; 
In 2 
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2 K 

<C) T~7, 

In 2 


1 - 


4* 
In 2 


+ C ; 


(D) 


2 “ 


2 In 2 


(1 -2*) + C. 


24 kl 3 X - — I dx bkng: 


3‘ 


(A) 

(C) 


3 X 

ln3^ 

2 

+ c * 

(B >| 

3 X 

1 T 

(in 3 

3’ , 


(in 3 

3 X In 3 


9' 


1 - 2x + C ; (D) 1 


2In3 2.9* In3 ' 21n3 

25 Ho nguyen ham Jxe x dx bang: 


+ C ; 


9 X + — I - 2x + C. 
9 X 


(A) -x 2 e x + C ; (B) (x - l)e x + C ; 

2 

(C) (x + 2)e x + C ; (D) (x + l)e 2x + C. 

2(. Met nguyen ham cua ham so fix) = lnx la: 


(A) (x + l)lnx ; 

(B) — ; 

X 

(C) (x - l)lnx ; (D) x(lnx - 1). 

2 *- |e" 3x dx bang: 



<A e- +C; 

2i‘ J^i7 dx h&n S- 

e us * 

(B, 3 + C ; 

(C)-J||- + C; (D) + C. 

e 3 3e 3 

<A e L* o; 

(B > - A +C ■ 

e 5 * 2 e 5 * 

(C) — + C ; (D)f- + C 

5 5e 

2i. He nguyen ham 

f- n X dx bkng: 

3 X 


(A) 31n 3 x + C ; 

(B) 


CC> ln5x + C ; 

5 

(D) 

ln<x + c. 

4 

3<. He nguyen ham 

r e un * 


ax Dang. 

J cos X 


CA» e cott + C ; 

(B) e u,nx + C ; 

((C) 2e cotx + C ; 

(D) 

- e u,ix + C. 

2 


b Dip An. 


Cau 

- 1 

l 

2 

3 

4 

— 

5 

6 

— --- 

7 

8 

9 

10 

Bap an 

(D) 

(C) 

(D) 

(C) 

(D) 

(C) 

(D) 

(A) 

(D) 

(C) 
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cau 

li 

12 

13 

14 

15 

16 

17 

18 

19 

Dap an 

(A) 

(D) 

(B) 

(D) 

(B) 

(D) 

(A) 

(C) 

(A) 


21 

22 

23 

24 

25 

26 

27 

28 

2 <P 

30 

(D) 

(A) 

(B) 

(C) 

(B) 

(D) 

(D) 

(D) 

(C) 

<B) 


C. HT/dNG DAN CHQN DAP AN. 

1 . (xsinx)’ = sinx + xcosx = (-cosx)’ + xcosx => (xsinx + cosx)’ = xcosx. 
VSy nguy§n ham cua xcosx la xsinx + cosx + C. Chon (D). 


2. f(x) = 1 + 4 


2 X 

tan — 


tan 2 ^ -1 


= 1 + 


2 tan- 
_ 2 _ 

1 - tan 2 ~ 


= 1 + tan x = 


cos 2 X 


^ 2 ) K 2) 

Nguyen ham cua fix) la F(x) = tanx + C. 

Tac 6 Ff—] = 3 o tan — + C = 3<x>C = 2. 

UJ 4 

Vay F(x) = tanx + 2. Chon (C). 

„ , I . „ | , cos x + 3 sin x 

3. y = in | smx - 3cosx | => y =- 

sin x - 3 cos x 

Vay y = In | sinx - 3cosx I la m§t nguyen ham so y = cos x + ^ 9 * n x 

sin x - 3cosx 

Chon (D). 

4. F(x) =-— + Cm4 F(3) = 1 n£n-— + C = 1<»C = 2. 

x + 2 3 + 2 

vay F(x) =-— + 2 = . Chon (C). 

x + 2 x + 2 


5. Ta c 6 F '(x) = 1 + 


( 2 sinx - cosx)' 
2 sin x - cos x 


= 1 + 


2 cos x + sin x _ 3sin x + cosx 
2 sinx-cosx 2 sinx-cosx 


Vay F(x) la m$t nguyen ham cua - S * n X + C — X . Chon (D). 

2 sin x - cos x 


6 . Ta c 6 F'(x) = 


-2x 2 + 4x -2x 2 + 4x 


(1 - x)' 


(x - 1 ) : 


-2x 2 + 4x 


VSy F(x) la m<)t nguyen ham cua —--. Chon (C). 

7. |2x(l + 3x a )dx = f(2x + 6 x 4 )dx = x 2 + -x 8 + C = x 2 1 + ^J- +C. 

5 l 5 

Chon (D). 

8 . fpr - x 2 --Idx = -- - ^ - - + C = + * — + 3 + C. Chon (A). 

J x 2 3 x 3 3 3x 
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9. - f — — ■ = ~—= — + —o (A + B)x + 2A = -x + 2 
x + 2 x x(x + 2 ) x x + 2 


A + B = -1 A = 1 


2A = 2 


B = -2 


. Chpn (D). 


10 . A - B = J(sin 2 x - cos 2 x)dx = J(- cos 2x)dx = - ~ sin 2 x + C. Chon (C). 


11 . f- 


;7x + Vx 


= f — + ^ dx = [ + x'5 dx = 2^ + — + C 

J x x J lVx _ 1 


* 2v£ - + C = - (x r -- ) + C. Chon (A), 

vx Vx 

12. f(tx 2 - 6 x + l) 2 dx = f(3x - l) 4 dx = -. (3x ~ 1)5 + C. Chon (D). 

J J 3 5 

13. F(i) = f(cot 2 3x + l)dx = f—^—dx =-icot3x + C. 

J J sin 2 3x 3 


Chu y: tan3x = tan(2x + x) = 


tan 2 i + tan x . _ 1 l-tanx.tan 2 x 

- co t 3 X =-=-. Chon (B). 

1 - tar x. tan 2x tan 3x tan 2x + tan x 


14. F(i) = J- cos xdx = - sin x + C. Chon (D). 

15. J(i 3 - 3x 2 + 3x - lKx 2 - 2 x + l) 2 dx = J(x - l) 7 dx = 
10. f 7 -^-dx = -iln|2-3x| + C = -i|3x-2| + C. 

t OX u u 


+ C. Chon (B). 


(Cku IAI = |-A |, VA e R). Chon (D). 

17. txCnx - 1)]’ = lnx - 1 + xf-1 = lnx => [x(lnx - 1)+ lnx]’ = lnx + -. 


V$y nguygn ham cua lnx + - la F(x) = x(lnx - 1) + lnx + C 

x 

Hry F(x) = (x + l)lnx - x + C. Chon (A). 

,a -6 6 , 3 . 2 o 1 3 f 1 - COS 4x] 3 

10 . sir x + cos x = 1 -sin 2 x =1 -- = — + — cos4x. 

4 4 ^ 2 J 8 8 

/g 3 ' g g 

V£y F(x) = |(cos 6 x + sin 6 x)dx = Jj — + — cos4x dx = — x + — sin4x + C. 


8 32 


Chen (C). 


. Tr c 6 : f—-—dx= [ 1--— dx = [dx - f + ^ = x _ ] n ( e * + l) + C. 

J 1 + e‘ 3 1 + e‘ 3 3 e x +1 


Cion (A). 
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20. Ta c6: F’(x) = (sin 2 2x)’ = 2.2cos2x.sin2x = 2sin4x. 

V&y F(x) = sin 2 2x la mot nguyen ham cua ham s6' fix) = 2sin4x. 
Chon (B). 

/ 2 . \ 2 i f ( 1 3 l 

21. f dx = f x + - dx = f x 2 +-4- + 2 dx = —-i + 2x + C. 

J l X j \ xj \ X 2 3 X 

Chon (D). 

22. J2sin4x.cos2xdx = J(sin 6x + sin 2x)dx 


23. [(2* - 4*)dx = -— + C = 

J In 2 In 4 

Chon (B). 

24 - jf*-£T-jf*4- 2 l* 


=-[ — .cos6x + icos2x + C. Chon (A). 

16 2 

In 2 In 4 In 2 2 In 2 In 2 


= J(9 X + 9* - 2)dx = 


9" 9 * 

In 9 In 9 


2x + C 


= —- - -2x + C. Chon (C). 

2 In 3 2.9*. In 3 

25. Bat u = x va dv = e x dx ta difcfc du = dx va v = e\ 

• • 

Ap dung cdng thtfc tfnh tich phSn tifng phfin: 

Jxe*dx = xe* - Je'dx = (x - l)e* + C. Chon (B). 

26. Ta tfnh Jlnxdx. 

Bat u = lnx va dv = dx, ta ditoc du = — dx va v = x. 

x 

Ap dung cong there tfnh tich ph4n tttng ph&n: 

Jin xdx = x In x - Jdx = xfln x -1) + C. Chon (D). 

27. fe‘- 3 *dx = -- e 1 - 3 * + C = —V + c - Chon < D >- 

3 3 3e 3x 

28. f-i- dx = fe 6x_a dx = - e 6 * 3 + C = -^4 + C. Chon (D). 


ln 4 x 


5e 

ln 5 x 


29. Ta c6: dx = fin 4 xdlln x) = — + C. Chon (C). 

J x 3 5 

, e “ n ’ 1 , 

30. Ta c6: f-^-dx = e“ u *d(tan x) = e“ n * + C. Chon (B). 

J COS X 1 
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ChuWng II. TICH PHAN 


§1. JCltdi niftn Holt plum oa odo Unit ohat 


A. KIEN THLfC Cd BAN 
t. Khai ni$m tich phan 
£)inh nghia 

Cho h&m so" f lien tuc tren K vk a, b 1& hai s6 bat ki thuoc K. Neu F 1& 
mot nguyen hhm cua /'tren K thi hieu so Fib ) - Fia) di/ac goi \h tich phan 

h 

cua f tis a den 6 v& ki hieu Ik J/(x)cfc. 

a 

b 

'IVong tnrdng hop a < 6, ta goi ^f(x)dx Ik tich phan cua f tren doan [a; b). 


Ngiidi ta c6n dung ki hieu F(x) 


de chi hieu so Fib) - F(a ). Nhtf vay 


neu F Ik mot nguyen ham cua f tren K thi 



Vi ^f(x)dx la mot nguyen hkm bk't ki cua f nen ta co 

J f{x)dx = (J/(x)<fr) 


Chu y 

0 oi vdi bien so Iky tich phSn, ta c6 th£ chon bk't ki mot chuf khkc thay 
cho x. Ch&ng han, n£u sir dung chff t, chQ u, ... him bien so Iky tich phan thi 

h h 

[f(t)dt . | f(u)du ,... deu lk mpt so va so d6 bang Fib) - Fla). 

a ti 

2. Dinh li 1 

Cho hkm so y = fix) lien tuc, khong dm trdn doan [a; 6]. Khi d6 di$n 
tich S cua hinh thang cong gidi han bdi do thi hkm so y = fix), true hoknh 

h 

vk hai dddng th&ng x = a, x = b \k S = J f(x)dx . 

a 

3. Tinh chat cua tich phan 
Dinh li 2 

Gik stf ckc hkm so f, g lien tuc tren K vk a, b, c la ba so bk't ki thuoc K. 
Khi d6 ta c6 
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a 

1 ) \f(x)dx = 0 ; 

a 

b a 

2 ) \f{x)dx = - \f{x)dx ; 

a b 

3) \f{x)dx + \f{x)dx = J/(x)«fe; 

aba 

4) j[/W + *(*)]* “ J/W* + j*M*; 

<7 « O 

/» b 

5) \kf{x)dx = k\f{x)dx vdi ieR. 

a a 

B. CAC DANG TOAN DI^N HINH 


DANG 1 . TINH TICH PHAN BANG CACH DUNG Gltfl HAN 

Phifcfng phap 



l 

Vi du 1. Dung gidi han de ti'nh tich phdn j"x 2 dx . 

o 
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Giai 

- Ph6p phSn hoach: Chia doan [0; 1] thanh n ph4n bang nhau. Do dai 

moi doan la Ax, = -—— = — va cdc diem chia la: 

n n 

„ 1 2 i n , „ , _ i 

= 0; x, = -; x 2 = -; x, = = - = 1 va chon £ = - 

n n n n n 

- Tc'ng tich phan: Ta c6 S n = £/(£)Ax, = - = -7X' 2 

/ - I V W / H n 1-1 


/ = 1 


- Gi5i han: Theo dinh nghla 


\f(x)dx = lim £/(£) Ax, = limS,, = lim 

J *— ■ n-+<* 5 n-*« 

fl i - I 


1 2 +2 J +... + *■ 




.. /j(w + 1X2w + 1) 1 

— llltl * ■ r 

3 


n—<a 


Chu y. X- 1 - l 2 +2> + = ' ,( " + 1 ^ 2n + l) - 


I « I 


Vi du 2. Dung gidi han tinh tich phan J(2x + l)o!x . 


Giai 

- Ph6p phan hoach: Chia doan [0; 3] thanh n phin b&ng nhau. Do dai 

3 ^ 3 _ 3 

moi doan la Ax = x -x, . = — \k cdc diem chia: x 0 = 0; x, = —; x 2 - 2.— ; 

n n n 

3. . . 

X, i , •••» X n 3 

n 


- Tfag tich phSn: Chon £ =x, = /— 

n 

Ta c3: /(£) = 24, +1 = 2/- + 1 = /- + 1 

n n 


i -1 


r 6 


Tt.«: *-£/««>Al-Z '?♦> -M? 


/-+1 
/-iv n / 


3 ^ns. 3 


18 


n —\n n 
' 1 


n —n 


. 3 + i*£,-3 + i5S£S-3 + 9 
ft 2«’ 


1 + - 

V. n 


- G:di han: 

3 


Ta fd f(2x + l)<& = lim Y/(£)Ax ; = lim5 n = lim 

J /»->♦« /!-»« rt-KD 

n * - 1 






= lim 

3 + 9 


n-*« 





= 12 


Cht y. 2_,i = 


»(« + !) 


I - I 
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n ^ 

Vi du 3. Dung gidri han tinh tlch ph&n [— (0 < a < b) 

J x 

a 

Giai 

Cach 1 

- Phdp phan hoach: Chia doan [a; b] thdnh n phan bang nhau Do dai 

moi doan la Ax, =x, -x,_, = -— va cdc diem chia la: 

n 

b-a ~b-a .b-a 

x 0 = a ; x. =- + a\ x 2 = 2-+ a; .... x, = /- *a; 

n n n 

b-a , 

x n = n - + a = b 

n 


- Tong tich phSn: Chon £ = ^/x, jc,_, (hien nhien x,_, < £, < x, ). 

Khi <36: /(O - -Aj- - — 

(^/) 


va 5„ * Z/(£)Ax, -I 5 - 5 * = S —- 1 

~ ,T, X,.x,_, ,.|lx,_, x, 


1 1 


x 0 x, 


1 1 


X, x 2 


1 1 






1111 


x, x n a b 


b /f ^ 1 1 ^ 1 1 

- Gidi han: Ta c6 f—r- = lim V/(<£)Ax, = limS„ = lim —— = — — 

*x n - > ”,'Tl n -* ro n -*®V^ o; ^ 0 

Cac/i 2 

Ta gi£i bai todn bang each chon mpt ph6p phan hoach khac. 

- Phdp phan hoach: 

Ta chia doan [a; 6] bdi ede diem chia tao thanh cap so nhdn: 
x 0 = a ; x, = aq ; x 2 = aq 1 ,.... x, = aq' ;x„ = aq n = b 

vdi: Ax, = x, - x,_, =aq‘-aq'~' = aq'~'{q- 1) 


b fb)n 

trong d6: q = " — = — 

Va w 

- Ttfng tich phdn 

Chon t , = x, = aq', ta c6: /(£) =-r =-r 

1 (6) 2 (rtf 

TO <16: S, = £/K)Ar, = S— 

/ -1 / -1 ) 

^ 1 , tx. 1 

= I^' 1 ) V 

. = 1^? i -19 
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q-\ II 1 1 q-\ 1 f, 1 1 1 

« U <7 <1 ) a q{ q q"') 

C4c so hang trong ngo4c vuong tao th4nh mot cS'p so nhan c 6 n so 


hang, so hang dau 14 1, cong boi 14 — nen cd tong so 14: —— 


Do a6: s, 

<* 1 _ I 

q 

__l_l_ 

I />+] 

f ft V f 6 w 

a — a — 
\a) \a) 


,-±U±- 


a <7 aq 


5 r a Y + ;. 


by b 

a - a 
a a 


- Gidi han: lim S', = 


i_i 

a b 


V 4 y: j* = I 

:x a b 


= lim 


- lim 


bT* 


a\ - 

l a 


• Nhgin xet. Qua b4i to4n tren ta thay ro 14, b4ng hai c4ch phan hoach 
kh4c nhau ta vln dat di/pc ket qud nhu nhau. Bieu n4y c4ng 14m ro them 
r4ng tich phan (x4c dinh) cua m<?t h4m fix) tren doan [a; 6 ] theo dinh nghia 
ho4n to4n khong phu thupc v4o viec chon phdp ph§n hoach v4 c4c diem . 

h 

Vi du 4. Dung gidi han tinh tich ph4n Jsin (0 < a < b). 


Giai 

- Phdp ph4n hoach: Chia doan la; 6 ] th4nh n doan b4ng nhau. Do d4i 

moi doan Ax, = -—— = h v4 c4c diem chia 14: x 0 = a ; Xj = a + h; 

n 

x 2 ='■ a + 2h ;.... x, = a + ih,.... x n = a + nh = b. 

- Tong tich ph4n: Chon £ = a + ih ( i = 1, 2, n ), ta cd: /(£,) = sin(a + ih) 
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va S n = £/(£)Ax, = £sin (a + ih).h = --£2sin(a + //j)sin 

2 sin — 

2 


h ^ 

in-'-i 


sin 


= ~h' 

sm — 

2 


cos 


. 1 


a + \ i — \h -cos a+ i + — \h 


\ ( 1 .) 3 ,) ( 3. 

[ l 2 J 2 J l 2 


( 5 > 

-cos a + — h 

l 2 , 


P 

...-cos n + - 
2 ; 



/» 

sin- 

2 



< 



COS 

a +—h -cos 

a+\ n + ~ \h 



. 2 J 

_ l 2 ) _ 

4 


/i „ 


limS„ = lim - ■ , | cos 
" *-»o . h 

sin-L 

2 


1 , 
a+—h 
2 ) 


-cos 


a+ nh + — h 


yj 


= cosa-cosb 


o 

V£y: Jsin xdx = cos a- cos b . 

a 

\ 

Vi du 5. Dung gidi han tinh tich phan Je'afic . 


Giai 

- Ph 6 p phfin hoach: Chia doan [0; 1] th 6 nh n phfin b&ng nhaj. D 6 d 6 i 

m 6 i doan 16 Ax, = x ( -x,_, = — v 6 c 6 c di<*m chia 16: 

n 

\ 2 i n 

x 0 = 0 ; x, = -; x 2 = -. x, = x n = - = 1 . 

n n n n 


- Ttfng tich phfin: Chon £ = x, = — (i = 1,.... n), ta c 6 : 
/(£)"** « = l.-t »). 


n 


/-I /-I w 


''ll » 
e" + e" + ... + e" 


1 ^ c-1 
= — e n — 


n 


e"-\ 
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1 2 


n 1 


e-\ 


- e'‘{e -\)—~— Vi e" +e" +... + e n = e" —j- 

e"-\ e"-\j 

l 

(Tong cdc s6 hang cua cSp so nhdn c6 c6ng b§i q = e" v£i sd' hang ddu 


u, = : e n ) 


I 

- Giii han: fe’dx = lirnS,, = 
J n-*® " 


(e-l)lim—p— 

* CO _ 

e" -1 


= e-\. 


Chuy. lim-p— = 1. 


rt-*oo - 

e" -1 


DANG 2. TINH TICH PHAN BANG CACH DUNG NGUYEN HAM 

Phifcfng phap 


n 

'Unh J/(x)£& 

a 

Tim m0t nguy§n h&m F(x) cua h&m s6' f{x) 

h 

Stf dung cong thufc : J/(x)d!x = F(b) - F(a) 


i 

Vi du 1. Ti'nh tich phfin: a) / = J 


x + 1 


Giai 


a, /= f-f* = rliillzU = jf 1-L_ 

'X + 1 ' x + 1 A x + 1 


b) J = 


V xdx 


J X -f 1 * 

0 A ^ 1 0 


jf>-p T )*= ( - ,n l^ 


= 1 - ln2 - 0 + lnl = 1 - ln2 

b)j= f^L.lr^)=V + 2 

9 J 4-9 9 I 


-i x + 2 2.J x +2 


= —[ln(e 2 +2)-In 3] = ^ln 


1. e 2 +2 


VI cu 2. Tinh tich phdn: 


2 r x J 


a) ; = f- fo. 

J x + 2 


c 

b) J = j 


x 2 -3x + 5 
x + 1 
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Giai 


2 f X 3 + 2 3 - 2 3 ^ = 2 r(x + 2)(x 2 - 2 jc + 2 2 ) - 2 3 
x + 2 } x + 2 


= J(x 2 - 2x + 4)dx - | 


2 r 8*& 


jc + 2 


V 


— -x 2 +4x 
3 


10 o. 3 

= — + 81n- 
3 4 

V-3x + 5 


-81n|x + 2| 


2 = --4 + 8-- + l-4-81n4 + 81n3 
. 3 3 


b) J= \^^dx = J 

J JC + 1 J 


* ,.2 


3x-4 + 9 V 

+ 

\ 

-fc*. 

w 

9 ' 

— 

x + \ ” J 

x + \ 

x +1 


dx 


x-4 + —— 

,v X + \) 


dx = 


— -4x + 91n x + \\ 
2 1 


p 1 1 e 2 7 

= —-4e + 91n(e + l)- —+ 4-91n2 = 91n(e + l)-91n2 + — + —. 


Vi du 3. Tlnh tich phSn: I = J(cos 3 x +sin 3 x)dx . 


(Dai hoc An ninh - 1998, khoi A v& D) 

Giai 


Cdch 1. Ta c 6 : 

Jl K R 

I = J(cos 3 x + sin 3 x)dx = Jcos 3 xdx + Jsin 3 xdx 


= Jcos 2 x cos xdx + Jsin 2 x sin xdx 


= J(1 - sin 2 x)d(sin x) + J(1 - cos 2 x)(-d cos x) 


= Jd(sin x)- Jsin 2 xd(sin x)- Jd(cosx) + Jcos 2 xd(cosx) 


sinx 


R 

2 

1 • 3 

n « m V 

R 

2 


1 1 3 

L i _ r*rw v 

0 

3 sm x 

0 

— COS X 

1-LOS X 

o 3 
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n . ^ 
= sin — sin 0 

1 f 

f \ 

sin 3 —sin’ 0 

-( cos — -cosO ] + - 

< ,n 

, cos — cos 0 

V 2 , 

3l 

, 2 , 

l 2 J 3 

l 2 


= ( 1 - 0 )--( 1 - 0 )-( 0 - 1 ) + -( 0 - 1 ) = 1 -- + 1 -- = 2 -- 
3 3 3 3 3 

=> /= — 

3 

Cach 2. BiSt: cos3x = 4cos 5 x-3cosx; sin3x = 3sinx-4sin 3 x 

Suy -a: cos’ x = — (3 cos x + cos 3x); sin 3 x = —(3sinx-sin3x) 

4 4 


Ta ci: 1= J(cos 3 x + sin 3 x)dx^ = — J(3cosx + cos3x + 3sinx-sin3x)d!>: 


f - 


l.,3 1 , > 

-sinx +— sin3x—cosx +—cos3x 
L 12 4 12 J 


3 .71 . 

= - sin-sinO 

4 2 


1 f . 3^r 
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+—I sin 

12 


sinO — cos—cosO 


ij + -j^(0-cos0) 


3 1 3 1 3 13 1 

3 

* 

Vi cu 4. Tlnh tich phan: Jcos 2 x cos Axdx . 


Bier dSi luang gidc, ta c6: 
2 . l + cos2x 


sin xcos4x = 


(Dai hoc Ngoai ngiJ - 1998, chifa phan ban) 
Giai 


1 


^ .cos4x = ~(cos4x + cos4xcos2x) 


cos 4x + -^ (cos 6x + cos 2x) 


= -cos4x + -cos6x +—cos2x 
2 4 4 


Do t6: 


/ = fcos 2 xcos4xr& = if—cos4x + -cos6x +—cos2x \dx 

n J U 4 4 J 


I 1 . , 1 . , 1 . - x 

= I -sm4x + — sin6x + -sin2x 
8 24 8 
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= i(sin2;r-sinO) + -^(sin3;r-sinO) + ^(sin;r-sinO)=> 7 = 0 

Vi du 5. Tinh tich phan f(t) = j^4cos 4 x-'^dx ti/ d6 gi&i phiftmg 
trinh: fit) = 0 

(Dai hoc Sit pham H& N$i - 1995, khtfi A) 
Giai 

* Ta c6: 4cos 4 x = (2cos 2 x) 2 = (l+cos2x) 2 = 1 + 2cos2x + cos 2 2x 

= l + 2cos2x + —(1 +cos4x) = —+ 2cos2x + -cos4x 
2 2 2 

i . 3*\ 1 j * 

Do <36: f(t)= j| —+ 2cos2x +—cos4x —\dx = j2cos2x*& + -Jcos4xo!x 
o\2 2 2 J 0 2 0 

f i II V 1 V 1 

= 2.-sin2x +—.-sin4x = sin2x + -sin4x = sin 2/ h— sir 

l 2 2 4 Jo 1 8 Jo 8 

* Gi&i phtfcmg trinh: fit) = 0 o sin2/ + -sin4/ =0 

8 


« sin2/^l + -cos2/J =0 

Suy ra sin2* = 0; cos2t = -4 (v 6 nghi$m vi cos27 £ -1) 

Do d 6 phi/tfng trinh c 6 nghi$m so: 2f = kn «• t = ^ 

Vi dvi 6. a) Cho hai h&m so: /(x) = 4cosx + 3sinx 

g(x) = cosx + 2 sinx 
Tim c&c s6 A, B th&a mSn g(x) = Af(x) + Bf'(x). 


b) Tinh tich phfin: - . 

o /(*) 


(Dai hoc X&y diftig - 1998, chi/a phan ban) 


Gi&i 

a) Ta c6: /(x) = 4cosx + 3sinx; f\x) =-4sinx + 3cosx 
Do d6: g(x) = Af(x) +Bf\x) 

cos x + 2 sin x = A( 4 cos x + 3 sin x) + 5(- 4 sin x + 3 cos x) 

= 4A cos x + 37? cos x + 3A sin x- 4B sin x 
= (4 A + 35) cos x + (3 A -4B) sin x 

4,4 + 35 = 1 

Suy ra: 

3/1-45 = 2 
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2 1 

Gidi ra, ta diioc: A = — vd B = —. 

5 5 


W Ta 06 : / - 

0 /(*) o —/(*) 0 J ! fix) 


H/S - 4f-°) +Bin|/w| 


= Ax 


= A — + Sln|4cosx + 3sin;c| 4 


n if, ifl 


10 5 


, * 1 7^2 

V , y:/= 


= —In —-ln4 = ---In 


n 1. 7V2 


10 5 8 


Vi du 7. Tinh tich phfin: 1 = J(e sinx +cosx)cosx£&. 


(Dai hoc khtfi D - 2005) 


Gi&i 


1 + cos 2x , uni i If 1 . - f n . 

- dx = e 1 + - x + -sin2x 2 =e + — 1. 

2 o 2l 2 Jo 4 


/ = \e« nx d(smx)+ \- -- dx = e ms 2 + 
0 0 2 0 

1 

Vi du 8. Tinh tich phdn: / = J(3 X + 4 X ) l dx. 


Gidi 

1 ! 

Tad: /= J(3 x +4 x ) 2 a!x = J[(3') 2 + 2.3 X .4 X + (4 x ) 2 ]d!x 
0 0 

= j<3 2x +2.12* +4 lx )dx 
0 

- l£l 2.12 x J_ 4^_ 1 
" 2 In3 + In 12 + 2‘ln4 0 
_ __3_ _24_ J_1_2_1_ 

“ 2In3 + In 12 + In4 21n3 lnl2 21n4 
22 1 15 

lr 12 + In 3 + 2 In 4 
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f \-e x 

Vi du 9. Tinh tich phfin: / = J-- dx. 


l+e J 

Giai 


/- dx. f i+f— = (*_ f 

J Utf 1 J J J 


l+e'-2e x 


In2 In 2 x 

r . re 


1 +e 


1 + e 


1 + e 


- 

o o 1 ^ c 


In 2 

= x - 2 In |l + e'| = In 2 - 2 In |l + 2 ln2 | + 2 In 2 = 3 In 2 - 2 In |l + 2' 


DANG 3. TICH PHAN LIEN KET 


Phtfcfng phap 



Cho tich ph&n B gh£p vdi tich phan A sao cho tinh difcfc A + B vk A - B, 
ti/ d6 suy ra tich ph&n can tim A. 


4 4 

Vi du 1. Cho 2 tich phan: / = jcos 4 xdx vk J = Jsin 4 xdx. Tinh: / + J 



vk I - J. Suy ra gi k tri cua / vk J. 


Giai 


£ £ — 

I + J = J(cos 4 x + sin 4 x)dx = J(1 -2sin : xcos 2 x)<ic = jf 1 - — sin 2 2x \dx 

0 o nV 2 J 


\ 1-if l -0054 * 
' } 2[ 2 


lick = jf- + -cos 4 xldx = (—+ —sin 4 x^ ' = - 

)\ 0 J U 4 J l 4 16 Jo 1 ( 


4 4 4 

I -J = |(cos 4 x-sin 4 x)dx = J(cos 2 x-sin 2 x)dx = Jcos 2xdx 


1 - 1 
= —sin 2x 4 = - 
2 o 2 


Ta c6 h$: 


I + J = 


I-J= - 
2 


/=^ + > 
32 4 

32 4 
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Vi du 2. Cho 7 = f- L ’ — vk 7 = f- C —~ . Tinh: 7 + J vk I - J. Suy 

ie x +e~’ J 

ra ^6 tri cua 7 v& J. 

e* + e 


' e'cix 


e +e 


7 + 7=| 

o’ 

'"'-il 


0\ *'+*"/ 
I / t -I'i 

g -g 
g r + 


dx = Jl .dr 


= X 


Giai 

i 

= 1 

o 




_ V^+O' 


O V 


e* + <f* 


dx = ln(e* + e'*) 


= ln(e + e 1 ) — In 2 


1 

e + - 


= In 


Ta c6 he: 


e - 


= In 


e 2 +l 


2 2e 

7 + 7 = 1 


7-7 = In 


e 2 +1 
2e 


1 . <? 2 +l 1 


Suy ra: 7 = - In 

2 2e 


1 1. <? 2 +l 


; 7 = -— In 
2 2 2 2e 


Vi du 3. Cho hai tich phfin sau: 


7 = Jcos 2 xcos 2 2 xdx ; 7 = Jsin 2 a: cos 2 2 xdx 


a) Tinh I + JvkI-J 

b) Tinh I \h J 


(Hoc vii?n Ng&n h£ng (PhSn vi§n TP.HCM - 1998)) 
Giai 


a) Tinh 7 + 7 


7+7= J(cos 2 x + sin 2 x)cos 2 2xdx = + C ° S ^~ > ' dx = J-dx+ J— cos 4xdx 


= I —+ -sin4x 
2 8 


n 


- n 1 

2 = — +-(sin 2^--sin 0) 
o 4 8 


=> I + J = - 
4 

Tinh 7-7 


( 1 ) 


L l J l 

I-J = J(cos 2 x-sin 2 x)cos 2 2x<ft = jcos 3 2xdx = — J(3 cos 2x + cos 6x)dx 

A ft ^ A 
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= —.—sin2x 2 +—sin6x 2 = -(sin;r-sinO) + — (sin3;r-sinO) 
4 2 o 4 6 o 8 24 

=>I-J = 0 (2) 

b) Td (1) vk (2) ta c6 h$ phifcmg trinh: 

I+ J = — JT 

4 ta suy ra: 2 I = — vk I = J 

4 

I-J=0 
V4y: I-J-J- 


l 

Vi du 4. Tinh ti'ch phdn: j 


sinxo!r 
cosx + sinx 


Giai 


, r sinxatc v , r cos xax 

Xdt I = - vk J = -;— 

;cosx + smx 'cosx + sinx 


cosxdx 


m . r \ sinxfir v cosxdx \, , , ? n 

Ta c6: I + J = -+ -= \dx o I + J =x 2 = - 

;cosx + sinx ;cosx + sinx ; 4 4 


vk / -J = f- in ~ -— " — - dx = -In cosx + sinx 2 = ln>/2 = —ln2 
'cosx + sinx 7 2 


I+ J = - 

d 71 

Ta c6: =>/=— + —In 2 

I -J = -In 2 8 4 

2 


DANG 4. TINH TICH PHAN HAM CHtf A DAU TRI TUYET DOI 
Phtfcfng phap 


• X6t dffu fix) M tim nhCfng doan tr£n d6 fix) > 0, fix) 5 0, d<? b6 tri sd' tuy$t ioi 

• Ap dung tinh chd't: Va, b, c e (a ; fJ) 


f/M* + \}(x)dx = \f(x)dx 




\i du 1. Tinh c&c tich phSn sau: a) ^\x-2\dxh) Jjx 2 -l|cic. 

-3 0 

Giai 

3 


t) J|x-2|dr 


x 

x-2 

i 


- 0 + 

3 


'&y: J|x-2|c£t = J(-x + 2)dx+J(x-2)dr =- + 2x +- 2x 


q \ q 21 3 

= -2 + 4- -—-6 + —-6-(2-4) = 2 + —-- + 2 = 13. 
2 2 2 2 


» Jjx 2 -l|dr 


X 

-CO -1 

0 


1 

2 

x 2 -l 

+ 0 

- 1 

— 

0 

+ 1 + 


2 1 2 3 \ I 3 2 

*4y: j|jc 2 - \\dx = j(-x 2 + l)flk + j(x 2 -l)dx = + x + ~T~ X 

o o i ) 0 •* y 1 


= -- + , + --2 - -- 1 = 2 . 


L 

Ji du 2. Tinh tich phfin I = J]x 2 -x\dx 


(Dai hoc khoi D - 2003) 


Giai 


Ta c6 x 2 - x < 0 o 0 < i s 1, suy ra 


/= f(x-x 2 )<fc + f(x 2 -x)d* = —+ -- =1 

r ) 2 3 o 3 2 , 


x 2 x’V (V X 2 V 


Vi du 3. Tinh c£c tich phfin 
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sinx 


n 

~2 


n 

2 


0 + 
0 


Vfiy: A =-2 J sin xd!x + 2 Jsin xafct = 2cosx ,-2cosx 


= 2 


n 


cosO-cosI — 
2 


-2 


n 


cos — cosO I = 4. 

2 


■]- 


* _ * _ _ * 

b) B = JVl + cos2xcft = Jv2cos 2 xdx = j]cosx|a!x. 



^ n 

X 

0 — n 

2 

cosx 

+ 0 


V§y: B = >J 2 Jcos xdx - -Jl jcos xdx = -Jl cos x 


C. TOAN Tl/ LUY^N 


0 


cosx 


* =2V2. 


Bai 1. Tinh tich phSn: I = Jsin 2 xcos 3 xdx. 


(Dai hoc Quoc gia TP.HCM - 1998, khfii A) 


Bai 2. Tinh tich phfin: / = J 


-2 


10 4 -sin;rx 


dx. 


(Bai hoc Giao th6ng Van tdi - 1998) 


Bai 3. Tinh cdc tich ph&n sau: 


I 

aJ I = j(e 2x -ns\nnx)dx 


b/ / = | [sin x| dx. 


(Dai hoc DSn l$p V&n Lang TP.HCM - 1997) 


Bai 4. Tim hai sfl'A, B di h&m sd' h(x) = 


sin 2x 


(2 +sinx) 


c6 thi bieu diin duwc difdi 


dang; h(x) = 


A cosx B cosx 


(2 +sinx) 2 +sinx 


v 

, tit d6 tinh tich ph&n: / = j h(x)dx . 


(Bai hpc Bdch khoa H& N§i - 1999) 
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D. DAP SO VA Hl/tf NG DAN GIAI 
Bai 1. 

2 

Ta c 6: I = Jsin 1 2 xcos 3 xdx 
0 

JJte't: cos xdx = d( sinx) 

sin 2 xcos 3 x = sin 2 xcos 2 xcosx = sin 2 x(l - sin 2 x)cosx 

Dc <36: 

x n_ x 

1~ Jsin 2 xcos' xdx = Jsin 2 x(l-sin 2 x)cosxo!x = J(sin 2 x-sin 4 x)c/(sinx) 


2 2 j — 1 — 

= Jsin 2 xJ(sinx)- [sin 4 xd(sm x) = -sin 3 x 2 —sin 5 x 2 
o o 3 o 5 o 

J K, K. 1 1 


= - sin --sinO — sin --sin 0 = - (1 - 0) - - (1 - 0) = --- 

3l 2 J 2 J 3 5 3 5 

Vay: / = —. 

15 


Bai 2. 


2 7 ^ 


2 x 2 


Ta c6: /= J 10 4 -sin;rx a!x = Jl0 4 d!x-Jsin;rxa!x 


, 10' 4 1 2 
= 4-+ —COS7TX 

In 10 n 


In 10 


'vio-JJ+i 

VlOj n 


(cos In - cos(-2;r)) = 


36V10 
10 In 10 


^ / = 


18VTo 

5 In 10 


Bai 3. 


■ I I 

a/Tac6: / = J(t? 2 ’ - n sin nx)dx = Je 2x <ix-;r Jsin;rx<£t 


1 i i \ i i ii 

-icos^-x = ^(e 2 -1) + (-1 -1) = -e 7 -~-2 

2 o \ n ) o 2 22 


^I=^e’-S) 
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It 


o 2 

0 0 

0 

-sinxa?x + sinxffc = cosx 

J J 

* -cosx 

* 0 

~7 


cosO-cosI 

2 


-I cos—-cosO I = 1 — 0 — 0 +1 = 2 
2 


Cdch khdc. VI Isinx 1& Mm s6 cMn n§n ta c6: 


||sinjt|c£c = 2 Jsinxtit = -2cosx 

£ 0 
2 

sin 2x 


2 =-2 


cos-cosO 

, 2 


= 2 


B&i 4. Ta c6: h(x) = 


/I cosx B cos* 
+ 


(2 + sinx) 2 (2 +sin x) 2 2 + sinx 

/lcosx + 5cosx(2 + sinx) (/l + 2£)cosx + .Bsiinxcosx 


Suy ra: 


A + 2B = 0 
—B = ! 


(2 + sin x) 2 

B = 2 
A =-4 


(2 + sinx)‘ 


Tinh tfch phSn 7. 
/ 




cosx 2cosx 


sin x) 2 + sin x 


dx 


_ ^ r <7(2 +sinx) | 2 r«if+s 
j (2 + sinx - ) 2 I 2 +si 


</(2 + sin x) 
sin a: 


(2 + sinx) 2 
”7 “7 

o 

= -4 J(2 + sinx)' 2 d(2 + sinx) + 21n(2 + sinx) 

_£ 

2 

4 


2 + sinx 
=> I = ln4 - 2. 


+ 2 ln(2 + sin x) 


= 21n2 - 2 
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§2. MqL id piuMmi pit dp tinh ft eh pit tut 

A. KlfiN THtfC CCf BAN 

l. Phtfcfng phap doi bien s6' 

Co scr cua phoong phdp doi bien so’ Id cong thufc sau ddy. 



Trong do hdm s6’ u = u(x) c6 dao hdm lidn tuc tren K, hdm s6’ y = fiu) lidn tuc 
vd sao cho hdm hop /[u(x)] xdc dinh trdn K;avhb Id hai s6' thuoc K. 

C6ng thdc (1) dope goi Id cong thtfc doi bien so'. 

Phoong phdp d6i bid'n s6' thodng dope dp dung theo hai cdch sau ddy. 

h 

Cacti 1. Gid suf ta can tinh Jg(x)tit . N£u ta vid't dope g(x) dopi dang 


0 «<*) 

/[w(x)]w'(x) . thi theo cong thufc (1) ta c6 Jg(x)a!x = J f{u)du . 

u[a) 


ulb) 


Vdy bdi todn quy ve tinh J f(u)du. Trong nhieu trodng hop vipc tinh 


u(o) 


tich phdn mdi ndy don gidn hon. 

P 

C6ch 2. Gid sir ta cdn tinh J f(x)dx . Bdt x = x(r) (t e K) vh a, b e K thda 


p 


man « = x(a), p - x(b) thi cong thufc (1) cho ta J/(x)r& = ^f[x{t)]x\t)dt. 

a a 

b 

Vfty bdi todn quy v4 tinh J g(t)dt (<5r d6 g(t) = f[x{t)\x\t) ). Trong nhi4u 

a 

trotfng hop, vi$c tinh tich phdn mdi ndy don gidn hon. 

2. Phu'cfng phap tich phdn tufng phdn 

Tuong to nho phoong phdp ldy nguydn hdm tu/ng phdn, ta cung c6 
phi/ong phdp t ich phdn tCfng phdn. Co so cua phoong phdp ndy Id cdng thufc 


sau ddy: 



Trong d6 cdc hdm so u, u c6 dao hdm lien tuc tren K vd a, b Id hai so 
thuOc K. 

Cfing thufc (2) goi Id cdng thufc tich phdn tufng phdn vd cbn dope vi§t 
* * b . 
dodi dang J udv = (wv) - J vdu. 
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B. CAC DANG TOAn DI^N HINH 

DANG 1. TlNH TICH PHAN BANG PHGONG PHAp 


DOI BIEN SO DANG I 


Phxidng phap 


Tlnh : ^f[(p(x)](p\x)dx . 

a 

Bat : t = (p(x ). 

b p(b) 

Khi d6 : \f[(p{x)](p\x)dx = J f(t)dt 

a <p(a) 

Chu y. 1) / = <p(x) => dt = ip\x)dx . 

2) g(t) = <p(x) => g\t)dt = <p\x)dx. 



Vi du 1. Tinh tlch phdn I = 


'“J 


\Jx 2 +4 


Giai 


(Dai hoc khoi A - 2003) 


Dat t = y[x 2 +4 => dt = ~^L= v& x 2 = r - 4. 

yjx 2 +4 

V6i x = yf5 thl t = 3, vtfi x = 2>/3 thi t = 4. 

Khi d6 / = 1 - ** = )■*_ - ijfJ-LL, 

x*yjx* +4 ,V~4 4 2 / + 2j 


if, I-2V 1, 5 

= - In- = -In-. 

4^ t+2 j 4 3 

Vi du 2. Tinh c6c tich phdn sau: 

i i 

a) I = Jx 5 (l-x 3 ) 6 ^; b) J= Jx 3 (l -x 2 fdx. 


Giai 


I 

a) Ta c6: / = JV(1 -x i ) b x 2 dx 
o 

Dat: t = 1 - x 2 => dt = -3 x 2 dx 
Doi bien 

x = 0 => t = 1 
x = 1 => t = 0 
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7 8 


ifl_i 

61 7 8 


j I ^ 0 3 

b)./ = Jx j (l-x 2 ) 3 dv 
0 

Bat: t = x 2 => dt = 2xdx. 

Boi din 
x = 0 => t = 0 
x = 1 => t = 1 

1 1 I » 1 

J= Jx ? (l-x 2 ) 3 ^ = -Jr(l-/)V/ = -J(/-3/ 2 +3/ 3 -/V' 


3 t 4 t s N 


_ 

2 4 5 


1 = Ifi_i + 2_i') = 1 _L = _L 

0 2I2 + 4 5J 2 20 40 

1 1-x 5 


Vi du 3. Tlnh tlch phSn: / = f-— dx. 


1 1 5 1 4 

I = f l - X -dx = 
Jv/U, 5 \ J V 5 


x'(\-x’) 

0 x(l + x 5 ) 0 V(l + x s ) 

Bat: u = x 5 => du = 5 x 4 dx 
Boi c$n 
x = 0 => u = 0 
x = 1 => u = 1 
1 r 1 -u 


0 x(l + x 5 ) 

Giai 

dx 


I = - f- - du = - f 


5*u(\ + u) 5 ' u(\+u) 
= i(ln|tt|-21n|l + «|) 

Vi du 4. Tinh cdc tich ph&n sau 


IVI. 2 


1 


5„ j u i+«; 


du 


' 2 
= -—ln2 
0 5 


•>'-*73 


3x*dx 


> 17+2 ’ 


b) J = jx i yj\-x 1 dx. 


Giai 


a) BSt: / = \Jx i + 2 => t 2 = x 3 + 2 => 2 tdt = 3jc 2 c£x 
Boi din 

x = 0 => t = 72 
x = 1 => t = 73 

/ = 2 jy- = 2 = 21 ^ = 2(73 - 72) 


1 

168 
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b) Dat: t = yj 1-x 2 => a: 2 
DcSi cSn 
x = 0 => t = 1 
x = 1 => t = 0 


= 1 — i => xdx = -tdt 


u I 

Suy ra: J =- J(1 -t 2 )t\dt = J(/ 2 -t*).dt = 

i o 

V e~* 

Vi diji 5. Tinh tich phfin: J = j-- -dx 


V 

/ 5N 

1 

= 1 

1 

2 


’5, 

0 

’ 3 

5 

15 


\ + e-‘ 

w 

(Dai hoc Qutfc gia TP.HCM - 1996) 

Gi&i 

Dat: t = l + e' x => dt ~-e~ x dx 
D$i c$n 
x = 0 => t = 2 
x = 1 => t = 1 + e -1 

o i ' ? f dt ,i| 

Suy ra: J = j -= J — = In |/| 

•> 1 iJ-‘ 1 

In 5 


= ln2-ln(l + e'') = In 2<? 


l+e*' 


1 + e 


m dr 

V£ du 6. Tinh tich phSn: I = f- 

In3 e * + - 


(Dai hoc kh6'i B - 2006) 


ln5 ta! 

r_*_= f__i 

J J* - 


Giai 

e’dx 


Ta c6 I 

J,e‘+2e--3 „•>,«" -V +2 
Dat t = e x => dt = e x dx\ 

V<Si x = ln3 thl £ = 3; vdi x = ln6 thi t = 5. 


d/ = ln 


=> / = f---■ jf—- l - 

;{t-2 t-h _ 

Vi dxj 7. Tinh tich pMn: I = j(^ 1 + 31n *) ln _f ^ 


5 . 3 
= ln —. 

3 2 


(Dai hoc khtfi B - 2004) 


Gi&i 


. Wl + 3 ln x ln x , 
/= J --- dx. 


Dat / = Vl + 31nx =>£ 2 = 1 + 3 ln x => 2tdt = 3—. 

x 

x = l=>/ = l,x = e=>/=2. 
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2 


I’ac6 l=-)—t 2 dt=-)(t i -t 2 )di = -(-l s --A . 
3 i 3 9 * V 9{5 3 J, 




Vi du 8. Tinh tich phfin: / = f - 7 ^— dx. 


(Dai hoc khoi A - 2004) 


Giai 


2 


[- j r ~=r dx. DSt yjx -1 = / =>x = t 2 +l=*dx = 2tdt. 

ri+Vx-i 


x = 1 => < = 0, x = 2 => f = 1. 

•*2.1 I *3 


Tac 6 :/= f^-^-2/t* = f— cfr = 2 [f/ 2 -/ + 2 ——}dt 
6 1 +/ 0 1 +/ A 1+/J 


2 -f 3 --/ 2 +2/-21n|/ + l| ' =2 --- + 2-21n2 =--4ln2. 
3 2 1 1 0 3 2 3 


Vi du 9. Tinh tich phfin: / = f S ‘ n DS X dx. 

•* 1 +cosx 


Giai 


(Dai hoc khtfi B - 2005) 


Tac 6 / = 2 J 


2 rsinxcos 2 x 


1+COSX 


Dflt t = 1 + cos x => dt = - sin xdx. 

x = 0 => t = 2, x = —=>/ = !. 

2 


/ = 2 f—— —(~d/) = 2lff-2 + -'jn’/ = 2f-—2/ + ln|/|l 

2 1 A O 2 J 


= 2 (2-4 + ln2)-l--2I = 21n2 - 1. 


t 

Vi du 10. Tinh tich phSn: / = J 


sin 2 x + sinx 
Vl + 3cosx 


(Dai hoc khcfr A - 2005) 
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Giai 


r( 2 cOSAT + l)sinJC 


'-f 


Vl + 3cosx 


dx. 


Dat i = V1 + 3cosx => i 


COSX = 


= 


/ 2 -l 

3 

3sin x 


2vl + 3cosx 


dx 


;r 


x = 0=>t = 2 ,x = — =>/ = 1 . 

/ = 'lf 2^— l-f , 2 

3 




ii + 2 - P + l 

3 13 


i 

34 

27 


f 2/ 3 


+ / 


sin 2 x 


Vi du 11. Tinh tich phSn: / = J ■ - - ? dx. 

o Vcos 2 x + 4sin 2 x 

(Dai hoc khd'i A - !006) 

Giai 


Ta c6: / = J- 


sin 2 x 


dx=\ 


sin 2 x 


o \/cos 2 x + 4sin 2 x 0 
Dat / = 1 + 3sin 2 x =s> = 3sin 2xdx. 

Vtfi x = 0 thi t = 1, vdi x = — thi t = 4. 

2 


\A + 3 sin 


dx. 


„ , 1 4 ft// 2 r 

Suy ra: / = _ j = 


Vi dij 12. Tinh tich phSn: I = je i,n J sin xcos 3 xdx. 


(Dai hoc Ki£n true Ha NOi — 999) 


Gi£i 


Ta c 6 : /= Je s,nI * sin x cos 3 xdx 


Dat / = sin 2 x thi dt = 2sinxcosxdx =>sinxcosxdx = ~dt 
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',x = 0=>/ = 0 

Kh, J „ 

i x = —=>/ = 1 

l 2 


Ivhi d 6 : /= jV 1 "’ * sin x cos' xdx = je an ''* cos 2 x(s'mxcosxdx) 
0 0 

= ij e '(l-Orff = ^J(l-f)*' 

^ 0 ^ 0 

})3t u~l-t=>dn = -dt\ dv = de* => v = e l 


I[ 0 _, ) ,] o+ ip-i + i (e - i) 

rf / = I( C -2) 

PANG 2. TINH TICH PHAN BANG PHl/ONG PHAP d 6 i BlfiN SO 

DANG 2 

Phu'ofng phap 


■ r 


i i 


+ Neu ham s 6 ' c 6 dang yja 2 - b 2 x 2 thi dat x = —sin/ 

b 

+ N6'u ham s 6 ' c 6 dang \Ja 2 x 2 -b 2 thi dat x = —- — 

a cost 

+ N£u ham s6' c 6 dang \la 2 x 2 + b 2 thi dat x = — tan/ 


+ N§'u ham sfl' c 6 dang <Jx(k -x ), (k > 0) thi dat x - k sin 2 / 

1 


Neui ham so c 6 dang 


Ng'u ham sfiT c 6 dang 




x l +k 


thi dat x = k sin / 


thi dat x = k tan / 


dx 


Vi du 1. Tinh tich phfln: 1 = f- 

o (* + 4 >' 
Giai 

pat x = 2 tan / => dx = 2(1 + tan 2 t)dt 
Pdi c$n 
x = 0 => t = 0 
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IT 


x = 2 => t= - 
4 


/» n n 

, V2(l + tan 2 t)dt 1 \ dt lV 2 . 

Suy ra: / = [—- 5 -— = - f-=- = - [cos 2 tdt = 

' 4tan'/+ 4 8 ^tan'/ + l 


1 ^ 

— J(l+(CO>s2/)< 


1 f sin 2 / 7 

= — t + - 4 

16 2 o 


1 it l N |_^ + 2 

’ 16U 2J “ ~64~ 


Vi du 2. Tinh cdc tlch phan sau: 


1 + x 


hi j. 


x +x + l 


Giai 

a) Dat x = tan t => dx = (1 + tan 2 t)dt 
Ddi c§n 
x = 0 =s> t = 0 

x = 1 => t = - 
4 


Do d 6 : | 


V dx 4 rl + tan 2 / . 


l + x‘ 


1 + tan 


-dt = \dt=t* = - 
t l 0 4 


x + - + - 
2 4 


h) , = ) dx = V dx = V dx 

Dat: x + - = .(^ tant => dx - — (1 + tan 2 t)dt 
2 V 4 2 

Df>i c§n 

x = 0 => t = — 

6 

x = 1 => t = — 

3 

Suy ra: ,. }f (lW f. A, . M, i. 2£f*- ~ 

J 3 7 3 1 J 3 £ 336' ' 

*• _«ar» 2 /o._ J 6 - , V JU / 


£ -tan / + - 
6 4 4 


Vi du 4. Tinh tich phfin: jWl-x 2 cfr 


(Dai hoc DSn lap D 6 ng Do - 199(, Ikhtfi A) 
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Giki 


Tac 6 : / = \x 2 yj\-x 2 dx 


Pat x — sin t, I s 


0 ; 


n 


dx = cos tdi 


m 

Do d 6 : 


x = 0=?t = 0 


, n 
x = 1 / = — 

2 


n x * * 

I = Jsin 2 /cos/(cosfc//) = Jsin 2 fcos 2 /df = — Jsin 2 2tdt = - J(l-cos4r)^ 

A A 4 a 8 A 


l . , 
t —sm4/ 
4 


=> 1 = 


n 

16 


S 


VI du 5. Tinh tich phfin: / = jVvl + x 2 dx 


(Dai hoc Giao thflng - 1996) 


Giai 


Khi 


Ji _ 

Ta c 6 : /= jx*yj\ + x 2 dx 
■ o 

Dat t 2 = 1 + x 2 thi 2 tdt = 2 xdx => fdf = xdx 
x = 0=5-/ = 1 

x = V3 => t = 2 

Ji _ n /3 _ 2 2 

Do d6: / = \x 5 J\+x 2 dx = \x*yj\ + x 2 xdx = J(f 2 -l) 2 /.(/c/r) = J(/ 2 -1 ) 2 t 2 dt 

0 0 1 I 

= J(/ 4 -2/ 2 +l)/V/ = J(r 6 — 2 / 4 +t 2 )dt = f-r 7 --f 5 +-/ } 

i r V7 5 3 


/ = 8 


8 

105 


Vi 


2 X 1 

Vi du 6. Tinh tich phSn: / = J . dx 

o \\ — x 


(Dai hoc Tai chinh Kg' toan Ha N$i - 1997) 
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Giai 


Dat x = sin/ 0 </ < 


1 - x 1 = cos 2 t =>dx = cos tdi 
fx = 0=> / = 0 


n 

4 


V x 2 


Ta c6: /= f _ dx = f 

K_ K 

1 4 i 4 

1 f, If 


4 <_• 2 


sin /cosfcft 
cos/ 


4 j 4 

= Jsin 2 /<// = - J(1 -cos2 t)idi 


I i 

= — \dt~ — \cos2tdt = — /I 4 — —sin2/II 4 


212 


If* J If . * • n 

= —-0 — sin — sin 0 

2l4 41 2 


... . 1 

V&y: / =- 

8 4 

DANG 3. TINH TICH PHAN BANG PHUCNG PHAP TICH PHAiN 

Tl/NG PHAN 

Phtfdng phap 


1. Cong thtfc tich phan tting phan 

Neu m = u(x) vi v = v(x) la hai ham so c6 dao ham lien tue tr§n dean 


h » 


[a ; 6] thi judv = uv - jvdu 

a _ ° <i 

f u =/(x) \du=f\x)dx 

Chu y. Bat: \ , „ . =* r , „ . 


vuu v• L/at . > -v > r 

\dv = g(x)dx [ v = \g(x)dx = G(x) + C 

Ta thddng chon C = 0 => v = G(x). 

2. Cac dang cd ban : Cho P(x) la mot da thufc 

f . \u = P(x) 

a) Dang 1 : P(x) sin(ax + b)dx . Dat: 

J [t/v = sin(oc + b)dx. 

, U = P(x) 

b) Dang 2 : |P(x)cos(ax + b)dx. Dat: 

J ' [dv = cos (ax + b)dx. 

r k \u=P{x) 

c) Dang 3 : J P(x)e^ b dx. Dat : 

dv = e dx. 


dv = e axth dx. 
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, u = ln(ax + b) 

d) Pang 4 : ( P(x) ln(ax + b)dx. Bat : 

J [dv = P(x)dx. 

e) Pang 5 : ^e u " h s\n(a'x+ b')dx hoac Je"*'’ cos(«'x + 6 ')n[x. 
Bung tich phan ti/ng phdn hai lan vdi u = e ax ' h . 

t 


Vi du 1. Tinh tich ph£n / = J yjx 2 +1 dx. 


(Bai hoc Sit pham Vinh - 1999, khoi B) 
Giai 


i _ 

Ta c 6 : / = jVx 2 + \dx 


pat u ~ dx 2 + 


du = dx ; dv = dx => v = x 

yjx 2 + 1 

n :l‘ V X 2 dx rr r-r 2 +1 — 1 


J-UV -\vdu=xJx 2 + 1 - J-jL=== = y/2 - [— 7 === 

°0 °0VX 2 +1 OvX 2 + l 


= -n/ 2 — f yjx 2 + 1- , 1= dx 

0 six 2 + 1 J 

=> / = n/2-/ + \—j£L=r « 2/ = V2+ [-^= = 72+7 
U77\ U77\ 

V dx 

ntoh: j - u_ 


0 v* + 


x , dt __ . x = 1 => / = - 

pat x = tan / => dx = — 5 — . Khi 4 

cos/ * = 0 =*< = 0 


* 1 , * 
4.- r dt 4 


J = ( cos 2 / = f cos/dr = f dsinf = 1 V 1 

J 1 i 1 — sin 2 / J 1 —sin 2 / 2 A 1 + si 


0-0 

cost 

1 . 1 +sin/ \ 

2 1 -sin/ 0 


Al + sin/ 1 -sin t 


~ /= ^ + IIn ■ = ^ + I|„(V5 + 1) : 

2 4 1-sin/ 0 2 4 

=> /= i[72+ln(V2 +l)] 
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(Dai hoc An ninh - 1999] 


l 

Vi du 2 . Tinh tich phSn sau: / = Jx 2 sin xdx . 


Giai 


Ta c6: 1 = Jx 2 sin xdx 


Bat 


U =x 2 


=> du = 2 xdx 
dv = sin xdx => v = -cosx 


=> I = uv 

Bat: 


X 

x 2 
2 


0 0 0 0 


X 

* 2 . 


- jvdu =-x 2 cosx 2 +2jxcosxdx = 2|xcosxdx 


u-x => du = d c 
dv = cosxdx => v = sinx 


/ = uv 


X 

x 2 
2 


- J vdu = xsi 


xsinx 


* 

* 2 

2 


- fsinxdx = — sin — -0 1 + 
J ill 


cosx 


7T 71 _ 71 / « > 7T - 

= —+ cos — cosO = — + (0-1) => / = —1 

2 2 2 2 


Vi du 3. Tinh tich ph£n: J(x 2 + 1 ) sin xdx. 


(Vi$n Dai hoc Md Ha N0i - 1997, ktfi A) 

Giai 


Ta cd: I = J(x 2 +l)sinxdx = Jx 2 sin xdx + Jsin xdx = d + (-cosx) 


7T 


= J -1 cos — cosO 

2 


I =J +1 


Tinh J: J = Jx 2 sin xdx 
o 

Dat u = x? => du = 2xdx; dv = sin xdx => v = - cos x 


Do d6: J = uv 


£ 

x 2 

2 


- jvdw = -x 2 cosx 


0 


X 

1 2 r 

2 + 2xcosxdx 
0 0 
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* * 

' 7t l n 2 2 

= - —cos-0 +2 jjc£/(sinx) = 2jxd(sinx) 

< ^ 2 0 g 


Bat i - x => du = dx\ dv = d sin x => v = sin x 


K 

* 2 n n ( 7T > 

J = 2 x.'inx 2 - fsinx<ic =2 — sin — + 2cosx 2 = tt + 2 cos — cosO 0 

O o [22 o J V 2 

Tha» J d (2) v& (1) ta c6: 7 = /r-2 +1 => 7 = 7r -1 . 

* 

2 

Vi du 4. Tinh tich ph£n: J = Jxcosx<7x. 


= n-2 ( 2 ) 


(Dai hoc Md TP.HCM - 2000, khoi A, B) 
Giai 


Ta (6: J = Jxcosxalx 


Dat u = x => du = dx\ dv = cos xdx => v = sin x 


n 2 


n 2 


J =uv 2 - f vdu = jcsinx 2 - fsinxcir = —+ cosx 2 = — -1 
J J i . i 


Vay J = 


2 

Vi iu 5. Tinh tich phSn: Jxcos 2 xdx . 


(Dai hoc Bfi'h khoa TP.HCM - 1995) 

Gi&i 


Ta :6: 7 = Jxcos 2 xdx = Jx 


r (l + cos2x 


J l 

dx = - J(x + xcos2x)£7x 


1 , ? 1 2 f 


= — Jx<ix + - Jxcos2xn!x = -x 2 2 + - Jxcos2xfl!x 


r n 1 1 
/ _ — + -J 
16 2 


7inh J: J = Jxcos2xd!x 
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B&t u = x => du = dx: dv = cos 2xdx => v = —sin 2x 

2 

Do d 6 : 


J = uv 


n 

£ 2 
2 


K 

K 2 


- jvdu = -^sin2x 2 - J^sin2xdt = •^(sin^-sin0°) + 2 cos 2 x 


= 0 + — (cos n - cos 0°) = - - (2) 
4 2 


Thay J d (2) vho (1), ta c 6 : I = 



1 

1_ 

' r 

16" 

r 

2 

, 2> 


=>/ = — (tt 2 -4). 
16 


■ 

Vi du 6 . Tinh tfch phSn: 1 = j(x-2)e 2 ’dx. 


(Dai hoc kh 6 'i D - 2006) 


Giai 


I = J(jc - 2)e 2, dx . Bat 


u =x-2 


, => du = dx, v = —e 2x . 

dv = e 2x dx 2 


I = \(x- V' 


1 r 


-- \ e 2x dx=- — + \--e 2x 
21 2 4 


5-3C 


i 

Vi du 7. Tinh tich ph£n: I = J xe’dx . 


(Dai hoc Qu 6 c gia TP.HCM - 1998, khoi D) 

Giai 


i 

Ta c 6 : I = jxe x dx 


Bat u = x => du = dx; dv - e x => u = e' 
i i. 


i i 
o 


- Jvc/w = xe r - je x dx = e-{e x ) 


Do <36: / = uv 
=>I = 1. 

3 

Vi du 8. Tinh tich phdn: 7 = Jln(x 2 -x)dx . 


= e - (e - 1) 


(Dai hoc khtfi D - 2004) 


j 

I = Jln(x 2 - x)dx . Bat 


Giai 

u = ln(x 2 — x) 
dv = dx 


, 2 x-l . 
du - — - dx 


X -X 


V =x 
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/ = xln(x 2 -x) 


3 3 -2x-l V 1 

— <& = 31n6-21n2-fl 2 + 


-f 


x-1 


x-1 


c/r 


I = 31n6-21n2-(2x + ln|x-l|) 

I = 31n6 - 21n2 - 2 - ln2 = 31n3 - 2. 

e 

Vi du 9. Tinh tich ph£n: / = Jx 3 In 2 xdx. 


(Dai hoc khoi D 


B&t u = ln 2 x, dv = x 3 dx => du = 


Giai 
2inx 


Tac6: 1 = —.ln 2 x 
4 


1 e , 


dx, v = —. 
x 4 

_4 i r 

1 f..3 


-- fx 3 In xdx = - -- fx 3 In xdx. 

O J A 1 J 


4 2 

Bat u = lnx, dv = x 3 dx => du = —, v = — . 

x 4 


^ 1 C 1 

Ta c6: fx 3 Inxtix = — .lnx! — \x 3 dx =-x 4 

J a I. 4 J 4 16 


3e 4 +l 

16 


vay / = 


5g 4 -1 
32 


Vi du 10. Tinh tich phfin: 1 = J5e'sin 2xdx. 


(Dai hoc Stf pham Ha N6i 2 
Giai 


1 

0 0 ^ 0 


Ta c6: / = |5e' sin 2xdx = 5 je* sin 2 xdx => -1 = je* sin 2x<& 


Bat u = sin 2x=>du = 2 cos 2xdx; dv = de* =>v = e x 


1 , 

=> -I = uv 
5 


X 

* 4 

4 


- Jv</m = e' sin 2x 4 - 2 JV cos 2x<ix 


o -/ = e 4 sin —-0-2J = e 4 -2J 
5 2 


(1) 


Tinh J: J = Je 1 cos2xdx = Jcos2xde J 


2007) 


1997) 
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Bat u = cos 2x => du = - 2 sin 2xdx; dv = de x ^>v = e x 


* 4 


* 4 


J = uv 4 - Jvi/w = e x cos 2x 4 + 2 je 1 sin 2xdx 


o J = e 4 cos —-<?°cosO° +21 oJ = -l + 2/ 

l 2 

1 7 

Ti/ (1) ta suy ra: —I = e 4 -2(-l + 2/) 

21 - 5 £ 

o — I = e A +2 => /= — e 4 +2 . 

5 21 


l 

VI 11. Tlnh tlch phan: JV cos 2 xdx. 


Giiii 


Ta c.6: / = je x cos 2 xdx = Jcos 2 xd(e *) 


(Dai hoc Thuy ldi - 1996) 


Dat u = cos 2 x=>du =-2cosx sin xcit =-sin2 xdx\ dv = d{e‘) =>v - e x 


* 2 


* 2 . 


/ = jcos 2 x<i(e x ) = uv 2 - Jvrfw = e x cos 2 x 2 + Je x sin 2xt£c 


/ = e 2 cos 2 -e°cos 2 0° +J=-1 + J 

2 


Tlnh J: J = jV sin 2xc£t 


Dat u = sin2x=>c/« = 2cos2xd!x; dv -e x dx=>v = e’ 


n 2 


x 2 


J = uv 2 + Jvrfu = e x sin 2x 2 -2 Je x cos2xdx 


L 

o J = 0-2 Je x cos2xcfc = 0-2J, 


Tlnh J, = Je x cos2xa!x 
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Bit u- cos 2x=> du = - 2 sin 2xdx ; */v = e'dx => v = e x 


J , = e r cos2x 


* 

* 2 . 


2 + jVsin2xc£c = -e 2 -1+2jVsin2xt& = -e 2 -1 + 2./ (3) 


TheJi & (3) v& (2) ta c6: 


'i - 

( 5 

= 2e 2 +2-4 J c* 5J = 2 

e 2 +1 

J 

< 


. 2 
O v = — 

5 


e 2 +1 


(4) 


ThSV d (4) v&o (1) ta di/oc: /=-! + - 


e 1 +1 


3 2 1 
= — + -e 2 

5 5 


V*y / = i 


2e 2 -3 


C. TOiAN Tl/ LUYfiN 

Bai 1- Tinh tich phan: / = J|Vl -x : j . 


Bai 2.. Cho h&m so f[x) lien tuc trdn tSp so thifc R , vdi moi x e R deu c6: 

3 x 
2 . 


/(> + /(-x) = >/2-2cos2x . Tinh: / = J f(x)dx. 


3* 

T 


2* 


Bai 3. 7»nh tich phan: Jx 2 sin - dx. 


Bai 4. Tinh tich phan: |cos(ln x)dx. 


(Bai hoc Sii pham Ha Npi II - 1998) 


(Bai hoc Bdch khoa Ha N$i - 1997) 


(Bai hoc Sii pham Quy Nhcfn - 1995) 


D. dA.P S 6 VA HUdNG DAN GlAl 

Bai 1. Edt: x = sin/ vdi 0 <t < — => dx = cos tdt. 

2 

pdii (4n 

x = 0 => t = 0. 

71 

X =: 1 =5 t = — . 

2 
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n k h n 

2 . - ---3 2 2 2 / 

= Jfvl-sin 2 /1 cos tdt = Jcos 3 tcostdt = Jcos * tdt = j| 

n ' n n n V 


1 + cos 2 t 


i 2 i 2 i ! i 2 

= - J(l + 2 cos 2 / + cos 2 2 t)dt = - Jt// + - Jcos 2tdt + - j 2 cos 2 2idl 


1 n 1 sin 2/ ^ 1 2 , 
4 2 2 2 o 8 „ 


K 

1 2 r„ . . , if sin4/^ ^ ;r n 7>n 

8 g 8 8 V. 4 Jo 8 16 16 


2 w 2 

Bai 2. Ta c 6: I = J f(x)dx = J /(x)dt-f J /(x)<it 


x = 0=>/ = 0 

BSt x — —t thi dx = -dt. Khi 3 ^ 3/r 

x --=> / = — 

2 2 


J/W*= J /(-/)(-<*) = I/(-»)(<*)= J/(-x)* 


Do <36: 


/= J/(-x)dc + J/(*)<& = J[/(x)+/(-x)]tfr = JV2-2cos2 xdx = 


f i • i f . f 

= I 2|sin;c|<ic = I2sinx<&- |2sinx<£c = -2cosx +2cos:c 


=-2(cos7T-cosO°) + 2 cos-cos n = -2(-l ~ 1) + 2(0 + 1) => I = 6 


r x 

Bai 3. Ta c6 : / = Jx 2 sin —tie 


Bat u = x 2 => du = ‘2xdx ; dv = sin —tic => v = -2 cos— 


2 * 2 * 


2 

2 * 2 ' 


I = uv - (" vdu = - 2 x 2 cos 2 — - f 4 x cos—tic 

0 o J 2o ; 2 

2 * x 

= -2[47r 2 cos 2 7T-0] + 4 Jxcos-tic 
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/ - -8^ 2 +4J(l) 

2.T 

Tinh J: J = Jxcos— dx 


X . X 

E)at u = x => du = dx ; dv = cos — dx => v = 2 sin — 

2 2 


2.T 2* 


2 * 2 * 


J = uv -jvrf« = 2xsin — -2 J sin — d!x = 2(2^.sin^-0)-2 


-2cos— 


2 o 


= 0 + 4(cos;r-cos0 0 ) =-8(2) 

The J d (2) v&o (1) ta dtfoc: I = -8t? + 4(-8) => / = — 8(;r 2 + 4). 


e 

Bai 4. Ta c6: Jcos(lnx)<iv 


I)3t w = cos(lnx) => du = —sin(lnx)a!x \dv=dx=>v=x 

x 


s * 


J — uv - |vdu = [xcos(ln x)] - Jsin(ln x)dx = e" cos(ln e *) - 1 cos(ln 1) + J 


= e* cos^r-lcosO 0 + J = -e*-\ + J (1) 


c 

Tinh ./ = Jsin(ln x)dx 


I')at u — sin(lnx) => du = — cos(\nx)dx ; dv = dx => v = x 

x 

J~uv - jvdu = [xsin(lnx)] - Jcos(lnx)<£t =e' f sin(lne')-lsin(lnl)-/ 

J = e* sin n - 0 - / = -/ 

The J = -1 v&o (1), ta c6: / = -e' -1-/. 

Suy ra: 1 = \de* +1). 
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$3, (natty eao). \Jodti cluing minh (tang flute, bat 
(t&ng finite fieJt pluui , tick plain frag hoi , tint gi&i hgn 

fro tig pltep tinh Hah plain. 

A. ki£'n thi? c cd bAn 

1. Chtfng minh dang thtfc tich phan 

b c b 

- Dung tinh chat: Vce[a ;6]: J/(x)<jEx = J f(x)dx + J f{x)dx 

a a c 

h b b 

Chii y. Vx,/,w e [a \b]:\f{x)dx = = \f{u)du 

a a a 

2. Bat ding thtfc trong tich phan 

1) N£u f g la hai ham s6' lien tuc tr£n doan [a ; 6] v& /lx) < #(x) 

b b 

Vxe[o ;6] thi: J/(x)<£r < Jg(x)d!x 

• a a 

b b 

2) N£u /'li§n tuc tren [a ; 6 ] thi: jf(x)dx < j|/(x)|*£r 

a o 

3) N§'u /lign tuc tren [a ; 6] v& m<f(x)<M, Vx e [a \b ] thi: 


a 

m(b-a) < jf(x)dx<M(b-a) 


3. Tich phan truy hoi 


l 

Dang 1. l n ~ Jsin" xdx (n e N) 


Bat: 


u = sin"' 1 x => u' = (n - 1). sin" -2 x. cos x 
v' = sin x => v = - cos x 


/„ = -sin'”'x.cosx 2 + (n -!)(/„_ 2 -/ n ) 


Dang 2. J n = jeos" xdx (n e N ) 


Dat: 


u = cos"' 1 x => u' = —(n — l).cos"' 2 x.sin x 
v' = cosx => v = sinx 


=> J= cos"' 1 x.sinx 2 +(n-\)(J n _ 2 -J„) 
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I 

Dang 3. /„ = jx".e*dx (n e N ) 


pat: 


u = x" => u' = n.x"-' 
v' = e' => v = e* 


=> L =x".e x 


— n. I 


rt-I 


(3) 


Dang 4. /„ = Jtan"xcit 


( 1 


I’han tich: tan"* 2 x = tan" x.tan 2 x = tan" x - - -1 


V cos x 


Suyra: /. tJ +/ n = 


n + \ 


— A. 

Dang 5. /„ = Jx" cosxa!x va J n = JVsinxfZr 

Pat: 


u =x" =>u‘ = nx"~' 


( 1 ) 


v = cosx => v = sin x 


Titongtif: J n =0 + «/„_, (2) 


TCf(l) vft (2) => /„ + n(n - l)/„_ 2 = 

I n I 

Dang 6. /„ = J— dx hay /„ = j x n .e~‘dx 

pat: 



M = X n => u' = /7.x"' 1 


v' = e' J => v = -e~ x 


rO /. = -X n £ x 


+ n.I 




e 

Pang 7. /„ = jin" xdx (n la stf nguySn dtfcmg) 


Pat: 


u = In" x =>«' = /». In"' 1 x. 


1 


v’ = 1 => V = X 



/_ = jt.ln"jr 


-n.I 


/l-| 


o / - e-nl 

n n 


4. Tim gidfi h^n trong phep tinh tich phan 

Bhi to£n tim gidri han trong ph6p tinh tich phan thi/fcng xuat hifn dadi 
hai dang: 

i 

Dang 1: Tim lim vdi t 14 tham so thifc v4 t > a 

o 

B4y 14 b4i to4n tich phSn md rong (mot c4n d v6 ciic) - Boi vdri chuOng 

I 

trinh Trung hoc phd thong ta chi viec tinh J/(x)t£c phu thuoc theo t v4 

o 

dung c4c dinh 11 vl gidi han de tim d4p so. 

b 

Dang 2: Tim lim J f{x,ri)dx trong d6 h4m f c6n phu thugc v4o sd tii 

a 

b 

nhien n v4 ta thodng d4t: /„ = J f(x,n)dx v4 ta dope mpt day (/„) g-oi 14 

a 

day tich ph4n, ndu day (/„) c6 gidri han huru han khi n —> +oo thi day (/„) goi 
14 hOi tu, trudng hop ngi/pc lai goi 14 ph4n ky. 

B4i to4n thiidng chi y@u cdu tim lim(/„) nhd dung c4c dinh 11 ve gidri 

han sau de tim ket qu4: 

• Day U n ) t4ng v4 bi ch4n tr4n thi hQi tu 

• Day (/„) gi4m v4 bi ch4n dodi thi hQi tu. 


B. cAC DANG TOAN DII^N HINH 

DANG 1. TOAN CHtfNG MINH dAnG THtfC TICH PHAN 

Phtfdng phap 

- Dua v4o SO li&n hf giCfa c4c c4n toong dng cua c4c tich ph4n trong hai ve 
de doi bidn sd. 


VI du 1. Cho h4m sd fix) li§n tuc tr4n [a ; 6] v4 thda: fia + b - x) = fix), 
Vxe [a\b]. 


b 

Chting minh: Jx/"(x)c£r = 

a 



Giai 

D4t u=a + b-xox = a + b-u=>dx = -du 
Khi x = a=>u = b ; x = b=>u = a 
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r/ u ii 

Ta c6: J xf{x)dx = J (a + b-u)f(a + b-u)(-du)= - J(o + b-u)f (u)du 

ah h 

h 

= j(a + b-u)f(u)du 

a 

h h 

= (a + b) J/( u)du - Jm/(w)*/m 

<i a 

h h h 

» jx/(x)t6: = (a + b) jf (x)dx - Jx/ (x)dx 

a a a 

Vay JV( x)dx = \f(x)dx. 

o a 

K 

Vi du 2. Cho / = f . . . Chting minh rang: 

o Vsin x+Vcosx 


/ - * / . * 

„ Vcosx + Vsinx 4 


(Dai hoc Giao thong - 1996) 


Giai 


Dat x =- 1 => dx = -dt. Khi 

2 


/i 

_ , _ 2 r Jsinxdx °r 


x = 0=>/ = - 
2 

x= —=>/ =0 
2 


l sin --/ H/) 


^ . sin —/ + Jcos —-/ 


Vcos t dt 


Jcosxdx 


r vcos mi _ r vcosxax 

o Vcos/ + Vsin/ o Vcosx + Vsi 


sinx 


__ 2 r Jsinxdx V 

V4y. / - I p- j - - J rr 

n vsinx + vcosx ovsmx +Vcosx 


2 r Jsinxdx 2 f Jcosxdx 
Do do: 2/ = I .-=— —7—+ -7=f=— 7 = 
o Vsinx +Vcosx oVsinx + Vcc 


cosx 
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X 


rvsinx + vcosx , e, 

= t- 1 ' dx= n 

o Vsinx+ VCOSX o 


X 2 = --0 = — 
= X 0 2 2 


vay; / = 7- 

4 


xdx dx 

Vi du 3. Chtfng minh rang: f-r- + f-— = 1 (tan a > 0)> 

f 1 + r f jc(1 + x ) 


(Dai hoc LuSt Ha NOi — 1999) 


Giai 


la na » col a » 

Ta dm chtfng minh: f ——- + f - — = 1 

} 1 + jt 2 } x(\ + x 2 ) 


Bat t - — =>dt = I —y jd* = ~t 'dx. Khi 


x = cot a => t =- : = tan a 

cot a 


x = -=>t=e 
e 


-m ..A* 


J xo+x 1 ) ! ir 1+ n J. 0+/ 1 ) J. 


U t 


V t( Jt _ ‘f x.clx 

J JT?~ J.i+-jc j 


'7 xdx 7 dx 

Tu(l)suyra: -r + - 

! \ + x 2 I x(l + x 2 ) 


uui u 

- J 


xdx > xdx _ c r xdx _ 1 W(l + x 2 ) _ 1 






= — ln(l+x 2 ) , = 


\ + x 2 2 l + x 2 2 
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DANG 2. CHtfNG MINH BAT BANG THtfC TICK PHAN 
Phtfdng phap 

• Muon chdng minh mpt bat dang thdc xay ra giufa hai tich phan, trddc het 
ta can xet xem gida hai tich phan d6 da c6 can giong nhau hay chtfa? 

- Ne'u giCfa hai tich phan tren da c6 can giong nhau roi thi ta chi c4n chdng 
minli hat dang thdc xay ra gida hai ham dddi da'u tich phan roi dp dung 
tinh chat bat dang thdc tich phan. 

- Ngu hai tich phdn tren khong c6 cdn giong nhau thi ta d<5i biefn so, tim 
cdch lam cho cdc cdn giong nhau roi sau d6 chdng minh bat dang there xdy 
ra gida hai hdm dudi da'u tich phan. 

• Trong trudng hop gap mot bdi todn Udc liiong tich phan hay chdng minh 
mot tich phan bi chan, ta chi din khao sdt hdm dudi da'u tich phan, xdt 
xem tinh bi chan cua hai hdm ndy roi sau d6 dp dung tinh chat ba't d4ng 
thdc tich phdn. 

Vi du 1. Chdng minh r&ng ne'u f[x) vd g(x) la hai hdm so lidn tuc, xdc 

'h l 2 b h 

dinh tren doan [a ; 6] thi ta c6: ^f(x)g(x)dx < J/ 2 (x)a!r. jg 2 (x)dx 

_ a a a 

(Hoc vien Qudn y - Hd Npi - 1995) 
Giai 

Vdi moi / el ta lufin vig't duoc. 

['/(*) + * (AT)] 1 >0oi7'W+ 2tf(x)g(x) + g\x)>0 
I'd d6 ta ldy tich phdn tren doan [a ; 6] 

f\f-(x)dx + It J/ (x)g(x)dx + Jg 2 ( x)dx > 0 

a a a 

Xem ve£ phai Ik mot tam thiJc bac 2 theo t thi ta phai c6 A* < 0 cho ta: 

'/» l 2 b b 

A' = \f{x)g{x)dx - ^f 1 {x)dx.^g l {x)dx < 0 

. a J a o 

" b "l 2 b b 

Vdy: J ‘f(x)g(x)dx < jf\x)clx.jg\x)dx. 

m a Jo o 

x 

Vi du 2. Chdng minh r&ng: — < < — 

4 l x 2 
6 

(Dai hoc Nong nghiijp I - 1993) 
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Gi&i 


Ta xdt hdm s6' /(x) = Sm — vdi x e 


n n 

i *T ' 


Ta tim gid tri ldn nhSt vd nho nhd't cua hdm s6' f[x ) tren 
Tlnh dao hdm f ’(x). 

Ta c6 -f\x) = ( sin *)'*~ sin *00 = *cosx-sinx 

x 2 x 2 

Xdt ham so <p(x) = xcosx-sinx c6 dao hdm 
(p\x) = x(-sinx) + cosx-cosx = -xsinx 
n n 


n n 

6 ’I 


Vdi Vxe 


6 ’3 


thi (/fix) lu6n lu6n c6 gid tri am, n£n (/fix) gidm tren 


n n 

6 ; T 


, do d6 hdm s 6 f'{x) < 0 vd hdm so fix) Id hdm nghich bien. 


Vdy gid tri ldn nhd't cua /(x) =/ 


n 

~6 


. n 

Sm 6 _ 3 


n 

6 


7t 


Vd gid tri nho nhat cua fix) Id / 


n_ 

J 


sin f _ 3>/3 


n 

3 


2 n 


Ta c6: Vx e 


n n 

6 ; T 


thi 


, 3>/3 sinx 3 
1 - <- < - 


2 n x n 

X 


Do d6: )—dx < f— dx <, f -dx 
t 2n i x in 


2n\3 6) } x n 


7T 



1 

6 J 

4 j x 2 


Phd dd'u b&ng: L£y x 0 = — thi < S * nX ° < — 


2 n 


n 


^ -v/3 Y s i n * , 1 ,, 

Do d6: — < J- ax <~ => (dpcm). 
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DANG 3. TICH PHAN TRUY HOI 


Phttong phap 


- Thiet lap moi quan he giQa /„ v& /„ . i (hoSc l n . 2 ). 

- Van dung cong thilc lien he nhieu l&n, lui dan til I n cho den I 0 (hoiic 7i) 
dri tinh duoc 


i 

Vi du 1. Tinh: /„ = J(l-x 2 )"dx (n = 1, 2,...) 


Bau ti£n, ddi bien s6', dat: 


(Dai hoc Phdp If TPHCM - 1992) 

Giai 

x = sin/ => dx = cos tdt 


x = 0=>/ = 0,x = !=>/= — 


2 2 

Do d6: I H = J(1 -sin 2 /)"costdt = Jcos 2 "* 1 tdt 

o o 

Ap dung c6ng thtfc ti'ch phSn ti/ng phln, dat: 
u = cos 2 "/ \du = - 2n cos 2 "' 1 /sin tdt 

i —*> * 

dv ~ cos tdt v=sin/ 


K 2 


Dod6: !„ = cos 2 " sin/ 3 + 2/7 Jcos 2 " -1 /.sin 2 /d/ = 0 + 2/7 Jcos 2 ""‘/(l-cos 2 /)d/ 


= 2/j J(cos 2 "'' / - cos 2 "*' t)dt 


=> K = - /„) => /„ - ( 1 ) 

In 2n-2 2 , 

Cong thufc qui nap (1) cho ta: I = --...-■/„ 

2/7 + 1 2n-\ 3 


Vdi 7,0= J(l-x 2 )°dx = Jdx=x = 1. 


Vay: /. = 


2n 2n-2 2 


2« + 12n-l 3 


Vi dui 2. Vdi m6i s6‘ nguyen tif nhien, x£t: /„ = J—- 


*e cos nxdx 


5-4cosx 
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Chufng minh: I n . 2 (V#i>3). 


(Dai hoc Kinh t§' TP.HCM - 19«6) 


Giai 


r cu 

V6i n ta c6: I n = j— 


cos nxdx 


Ta 05: /„, = 


5-4cosx 
T r cos(/7 - 2)xdx 


5-4cosx 


Su ra / + / = cosnx£ ^ c + T f CQS (^ ~ Z)xdx _ 'V cos nx + cos(/? - 2)x 

J ^_4rnc r J J 5 — 4COSX 


0 5-4cosx - 5-4cosx 


alx 


_ nx+(n-2)x nx-(n-2)x _ 

Biet cos«x+cos(«-2)x = 2cos---cos-^-= 2cos(n-l)xcoisx 


. , . 7 f2.cos(»-l)xcosA: , "e 

n6n l+K -2 = I—-* = J 


2 2 
cos(«-l)x 


- --(5-4 cos jt) dx 
2 2 '] 


5-4cosx 
5'Vcos(«-l)xfl!x 1 


0 — ■ o 

* / i\ i i t 


5-4cos.x 


= i \ C0S (n-\)xdx 

2 l 5-4cosx 2 0 J 

= ~h i--—sin(w-l)x 

2 n '‘ 2(«-l) 

.1/_!_ 

2 2(n-\) 


[sin(« -\)n - sin(« - l)0j 


=» I, + 1 .=» /. = f ~ L, (Va> 3) =s(dpcm). 

* 

Vi du 3. Tinh tich phfin jcos" a: cos (wc)dx (n so nguyen dtfcmg) 


(Dai hoc N6ng - Lam TP.HCM - 1995, khoi A) 
Giai 


n 

Ta c6: / = jcos n xcos(rtx)<£c 


1 . 


Bat u = cos" x=> du = -wcos xsinxdk ; dv = cos{nx)dx => v = — sm(nx) 

n 

j 11 K *. 


I = uv 


- \vdu = — cos" x sin nx - fcos'” 1 xsinxdx 
x n or 


1 

= 0 + — Jcos"' 1 x[cos(aj - l)x - cos(h + l)x]d!x 
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1 X J X 

= - Jcos"' 1 xcos(w-l)x— Jcos"' 1 x(cosMxcosx-sinnxsinx)tic 

2 o 2 0 

Ti/d 6 suy ra: /„ = = ~/„_ 2 = - = ^77 A (D 

Ta co: /, = JcosxcosxJx = Jcos 2 xo!x = j ^~ t ~ cos dx = — Ji£t + — Jcos2xcft 
0 0 0 ^ 2 0 2 0 

= — sin2x = — -0- — (sin2;r-sin0) 

2 o 4 o 2 4 

=>'.*§ (2) 

The / 1 d (2) v^o (1) ta dirge: / = — 7 /, = — 7 X 7 =~ 

DANG 4. TIM Gltfl HAN TRONG PHEP TINH TICH PHAN 
PhiWng phap 


* Twdng hop 1: Tinh tich phfin da cho sau d6 dda who ket qua tim dirge 

d@ lfi'y gidi han. 


* Tnrdng hop 2: Neu khong tinh dirge tich phSn da cho ta dung nguyen 

ly “kep” sau: 

c„<a n < b n 

Cho day so (a„), (6„) v& (c n ) thda : 

L .. . . thi lim a=L. 

lime = limo_ = L «-♦« 




1 

Vi du 1. Tinh gidi han: lim fx" sin (nx)dx (neN). 

J 

0 

(Dai hoc Ngoai thi/ong - 1995, kh6'i A v& D) 
Giai 

Ta c6: Vx e [0 ; 1] n§n 0 < x".sin;rx < x". 

'r _ _ f x ntl II 1 „ . 1 


Suy ra: 0 < fx" sin(7rx)o!x < fx"f£c o 0 < /„ < - => 0 < / <- 

' : fl + 1 0 1 + n 


Biet lim - = 0. 

n -**Vl + n ) 

1 . f 1 

Do d6: I <- ngn lim I < lim - 

1 + n "-** "Hl+n 
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V&y: lim/„ = 0 (we 

n-+ca 

1 

Vi du 2. a) Cho /„ = fx" sin xdx (w e N) . Chdng minh: lim /„ = 0. 

J n-*» 

0 

(Dai hoc Ngan hang TPHCM - 1992) 


■x n dx 


b) Chting minh rkng: lim f—- = 0. 

: 1 + x 


(Dai hoc Kinh t£ TPHCM - 1993) 


Giai 

a) ChOfng minh lim /„ = 0 

n-*to 

0 < x" <, 1 vdi Vx e [0 ; 1], w e N 
0 < sin x < 1 vdi Vx e [0 ; 1] 


Ta cd: < 


0 < x n sin x <, x" vdi Vx e [0 ; 1], w e N 


i I I 

jo dx < Jx" sin xdx < J x n dx = 




+ 1 


0 </ < — 
" w + 1 


ma lim—— 
w +1 


= 0 ( 2 ) 


Tif (1) vk (2) cho ta lim /„ = 0. 


n-*cn 

' x n dx 


b) Chufng minh lim f-— = 0 


"-*» q\+X 


( 1 ) 


Ta c6: Vx e [0 ; 1] thi 0 <-< x f 

\ + x 

I * r w * v”* 1 

=> \odx < f —dx< fx"<fc= — 
} „ 1 + X i w + 1 


w + 1 


■x n dx 


Ma lim- - 0. V£y lim f- — 1 = 0. 

n -*“ w +1 


"-♦« o 1 + X 


C. TOAN Tl/ LUYfiN 

Bai 1. Cho f(x) la ham s6' li§n tuc tr£n doan [0 ; 1]. Chufng minh rang: 

= ^ j/(sinx)dr 

^ 0 

(Dai hoc LuSt TP.HCM - 1995, khfl Aj 

/r 

4 

Bai 2. Cho tich ph&n I n = JxtaiT xdx (n 1& s6' nguy&n, difcmg bfi't ki) 

o 


Jx/(sinx)d!x 
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a) Ti'nh khi n = 2. 


I>) Chufng minh rang: I n > 


1 (n 


n + 21 4 


(Dai hoc Bdch khoa Ha Noi - 1997) 

D. pAp SO VA Hl/tfNG DAN GlAl 

Bai 1. Heim so fix) lien tuc tren [0 ; 1] nen /(sin x) lien tuc tren [0 ; n], do 
(16 h&m so xfl sin x) cung lien tuc tren [0 ; /r]. 


n 

Ta c6: / = J.v/" (sin x)dx. 


Dflt t = n - x => dt = - dx . Khi 


Do d6: 


x = 0=>/ = rf 
x = n => t = 0 


U U K X 

I ~ ^{n-t)f[sm{n-t}{-dt) = - J(^-/)/(sin()t* = ^nf{s\nt)dt-^tf(smt)dt 

n x 0 0 

^X X X 

I = n J/(sin x)dx - Jx/(sin x)dx = n J/(sin x)dx -1 
oo o 

x 

21 = 7i J/(sin ;t)d!x 

o 

Vay / = — J/(sin*)d!x. 

2 0 

Bai 2. a) Ti'nh 

* * * * 

4 4 4 4 

/ 2 = Jxtan 2 xdx = Jjc(tan 2 a: l-1)c£c = jx(tan 2 x + \)dx- \xdx 


= A - 


X 2 4 


-A- 


4 

Tinh Jx(tan 2 x + l)t&. 


Ap dung edng thtfc tich phSn tCmg ph£n, dat: 
[ u=x [ du=dx 


dv = (tan x +1 )dx Iv = tan x 


* 

x 4 ^ Iff ^2 7T y/3 

Do d6: A = xtanx 4 - ftan xdx = — + ln|cosxi 4 = — + In—- In 1 = —+ ln— 

„ j A 1 1 „ A 0 A 9 
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V&y /, = 

2 4 2 32 

b) Chtfng minh / > —-— 

n + 2 



Tabigtvdi xe 0;— thi tanx>x=Man x>x . 

4 


./»♦ 2 ft 


Do <36 


: 1 = fx tan" xdx > \x.x"dx = -— 4 = - 
" l i n + 2 o n 


Vay: /„ > 


1 

w + 2 




TOAN T\J LUAN ON TAP CHl/ONG II 

A. KIEN THtfC C0 bAn 

• Khdi ni§m tlch ph&n. 

• Che tinh chat cua tich ph£n 

• Cdc phi/ong phap tinh tich phSn 

• DSng thtfc, b£'t ding thufc tich ph£n, tich phfin truy h6i, tim gidi han 
trong ph6p tinh tich phdn. 

B. BAI TAP. 

Bai 1. Tinh: / = J\/4x 2 -4x + \dx . 

o 

(Dai hoc Dfin lfip Hong Ddc - 1998) 

Gi&i 


Ta c6 th£ vigit: 



Bdng x6t da'u: 



2 I I 1 i 

Do d6: / = f(1-2x)<fc + f(2x-l)tir = (x-x 2 ) 2 +(x 2 -x) , =-. 

o i o i 2 

2 


no 



Bai 2. a) Tinh: I = jx I x - - | dx. 


(Dai hoc D&n lfip Phuong Dong - 1996) 


b) Tinh: I - 


(Dai hoc Thuy loi - Ha Noi 
Giai 


- 1997) 


' | 

a) Tinh / = Jx | x-I dx. 


c 1 2 1 I 1 | 

Ta 06 the viet: / = jx | x-ldx= jx — x dx+ jx x — dx 


-Kf- 


x 2 \dx+ n x~—— \dx 


2 3 \ 1 / 3 2\i 

X X j X X 1 

4 ~T o + T~T 


3 4 J f 8 


b) Tinh I = \J\ + cos 2 x<£c 


Ta co the viet: /= |vl + cos2xd!r = fv2cos 2 xdx 


K 2 X 

= yJ2 j]cosx|<it = \/2 Jcosxofr-Jcosxiit 


= V2 |si 


sin xi 1 4 - sinx 


= 2 V 2 


2 _ 

Bai 3. Tinh tich phSn: / = ^x 2 yj4-x'dx . 


(Dai hoc Thuy loi - 1997) 


Giai 


Cach 1. Dat x = 2sin/ l0</< — => dx = 2 cos tdt 


Suy ra: x 2 = 4sin 2 / vk 4-x 2 = 4(1 — sin ' 1 /) = 2 cos/ 


2 _ 
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Khi 


x = 0 => f =0 


n 


x = 2=>t = — 

2 


Ta c6: /= Jx 2 >/ 4 -x 2 tf!r = J 4 sin 2 1 .2cos 1 .( 2 costdt) 


l l 1 

= Jl6sin 2 rcos 2 /tfr = Jl 6.—sin 2 2/efr 


_ J4 I — co ~ dt = j*2(l — cos 4 r)t// = 2 JtA-2 Jcos 4 fcf/ 


= 2 1 

=> I = n. 


X 

2-2 

0 


[i sin4 ' 


n 


1 . . 


= 2-0 —(sin 2^-sin 0°) 


Cac/i 2. C6 th4 dat x = 2 cos t 


0 <t<- 


Suy ra: x 1 = 4cos 2 f vk 4-x 2 = 4-4cos 2 / = 2sin/ vk dx - — 2sim/</ 

n 


Khi 


x = 0 =>(= - 
2 

x = 2 => / = 0 


2 _ 0 

Ta c6: / = Jx 2 v4 -x 2 dx= |4cos 2 /.2sin/.(—2sin/c//) 


dm * 

= Jl 6sin 2 / cos 2 tdt = 4 Jsin 2 2/dr 


= 2 J(1 — cos 4r)c// => / = 7i 


Bai 4. a) Tinh: / = Jxcos 2 xdx. 


b) Tinh: / = J-^dt. 

X 


(Dai hoc B&ch khoa TP.Ho Chi Minh - Khoi /. - 195) 


(Dai hoc Hue- 198) 
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Giai 


ii) Tinh / = Jxcos 2 xdx 


l 

Ta c6 the viet: / = Jx 


1 + cos2x 


i i 

21 = Jxc£c + Jx cos 2xdx 


2 ir 2 

2/= — 2 +A=— + A 


l 

Tlnh A = Jxcos2xd!x bang cong thufc tich ph£n tCrng ph4n, dat: 


u = x 


dv = cos 2 xdx 


du = dx 

v = — sin2x 
2 


— dx = 0-- 
2 2 2 


Dodd: A = |"-xsin2xl ^ II ’ = _i 

L2 Jo J 2 2 

Va y: 2/=—-i => / = ---. 

* 82 16 4 

1>) Tinh / = 

I X 

Ap dung c6ng thiic tich phan tixr.g ph4n, dat 


u = In x 


du=* 


\dv=™ cdx f 1 

l ^h = \ xdx = -~ 


1)0 d6: 


2 i 2 


r 1. fdx 1, 1 

/ = —lnx + I— =—lnx — 

v I j v' V . Y 


X | IX 


X I xu 


1 1 'i f \ 1 l 

—- In 2 + — In 1-1 = — ln2+- 

2 1 12 2 2 


VSy / = — (1 — In 2). 


VlnxV 

Bai 5. Bat J(t) = jl- dx vdi t > 1. Tinh J(t) theo t, tit d6 suy ra riing: 


Jit) < 2, v* > 1. 


(Dai hoc Quoc gia TPHCM - 1996) 
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Giai 


Tinh J(t) theo t 

Ta c6 J(t) = J^“~ j cic vfli t > 1 

Ap dung c&ng thtfc tich phfin timg phln, d&t 

1 


u = In 2 x 

dv = \dx 
x 


du - 2 — In xdx 
x 

= _I 

x 


Do d6: J(t) = - — In 2 x 

+ 2 f ^4-dx = —In 2 x 

/ 

+ 2 

In x-—) 

X 

i i x - x 2 

1 

l x x) 


= -Iln 2 /--lnf-- + 2 s _l [ln/ + 1 ]J_I + 2 

t it t t 

VSy: ./(/) = 2-y[(ln/ + l) J +l]. 


Suy ra J(,t) < 2 khi t > 1. 

C. TOAn Tl/ LUY£n 

• / = f — 
Je'+l' 


B&i 1. Tinh: 


(Dai hoc Quoc gia H& N§i - 1998) 


B4i 2. Tinh: / = Jx 2 In 


1 + - \dx. 
K * 


(Dai hoc Cdn Thcr - Khcfi D - 1997) 
Bai 3. Tinh dao Mm f’(x) cua Mm so /(x) = In _ ^ - vk giai bat phucmg 


(3-x) 


• 2 t , 
6 »sm -dt 

trinh: /’(x) > — f--— 

n * x + 2 


(Dai hoc B^ch khoa TP.HCM - 1996) 


D. DAP s 6 VA HtfdNG DAN GlAl 

Bai 1. Tinh I = f-^- 

o J e'+l 

1*^ / - jf-A. . 

J^ + l e\e’+\) 
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I >01 bien so, d&t: t = e x + 1 


dt = e x dx 

x = 0=>t=e°+l = 2 
x = \=>t=e'+\ = e + \ 


Do db: 
.*♦1 


'= iirkr /(tVIJhmh-H'II 


<-.i 


= Pne-ln(e + l)]-[lnl-ln2] 


= In e - \n{e +1) - 0 + In 2 = In 2e - ln(e +1) = In 


2e 
e + \ 


Bai 2. Ap dung cong thtic tich phan ti/ng ph4n bang each dat: 

1 


u = In 


i + i 

^ X 


dv = x 2 dx 


du = 


_ x 


i + > 

X 


dx = 


-1 


x\ x + 


n 


dx 


V = 


Do d6: / = —In 
3 


1 +- 


2 i 2 ..2 


f 


3 x+\ 


dx= -ln---ln 2 + - II x-l + 

3 2 3 3 A x + \) 


U 


8.3 i , _ 1 

= -In-In 2 h— 

3 2 3 3 


8 . 3 1 


v 

-x + ln x + l| 

/ 

In 3 + --In 2 
2 


= -In —--l n 2 + - 
3 2 3 3 , 

V9y: / = 3ln3 — ln2 + -. 

3 6 

Bai 3. Ta c 6 : /(x) = In 7 ^—^ = -31n(3-x) 


(3-x) 


Pi4u ki$n x < 3 
Dao h9m f\x) = 


3-x 


(x < 3) 


2 t 


» sin -dt 

pod6:/'(*)= 2->-f 2 

fr w 


3-x n j x + 2 


( 1 ) 


2 t 


TInh: ipLzl. £._L*fOz^) d , = 2._L ( ,- Sin() 

n l x + 2 * 1 *■ vm 7 


n x + 2 


n x + 2 
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= —-— [(;r-sin;r)-(0-sin0)] 

/r(x + 2) 

Tif (1) ta suy ra: ^ - > —-—. 

3-x x + 2 

Giai ra, ta diioc: x < -2 vk — <x <3. 


3 

x + 2 


CAU h6i TRAC NGHIEM ON TAP CHl/CfNG II 


A. CAU h6i TRAC NGHlfcM 


it . . t 


x y 

1. Gi&i phucmg trinh J 4sin J --3sin- 

n 3 3 


' 1 

dt = — (x 14 £n so v4 0 < .t < 7i). 
2 


Ta c6 nghi^m: 

(A) x = ; 

6 


(B) x = j ; 

4 


<C) x = y ; 


<D) X = y 


2. Tinh / = j\/4x*dx, ta di/oc: 


-i 


(B) / - y ; 


(A) 7 = 2 ; 

,fla /> 2x — 1 

3. Cho <4 = f —-—<7x (a > 1) vk B = 

w /j 


(07 = 3; (D) 7 = -3. 

_(a-l) 2 


a 


(A) A = 2B ; 

3 


(B) B = 2A ; 

4. Tinh m dl J(x 2 + m)dx = 15, ta difpc: 

o 

(A) m = 1 ; (B) m = -1 ; 

K 

5. Tinh A = jVT-cos ~xdx , ta ditoc: 

o 

r V2 

(A) A = \J2 ; (B) /4 = -y- ; 

6. Tinh 7 = j^x + - ta ditoc: 

(A) 7 - ~ ; (B) 7 = ~ ; 

6 6 


. CSu n&o sau day dung ? 


B 


(C) A = B \ (D) A = —. 

a 


(C) m = -2 ; (D) m = 2. 


r V2 

(C) /l = 2v2 ;(D) A = ~- + l. 


(C) 7 = j ; (D) 7= -y. 
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7. Iiiet Jxcosxe/x = xsinx + cosx + C. Tinh 7 = Jcos -J4xdx , ta dirge: 


2 

8. Tinh A = J(4x 3 -6x 2 ).ln xdx, ta dirge: 


(C 


(A) A = 


12 

11 

X 

2 




(C) A = - ; (D) A = —. 


9. Tinh 7 = Jx.sinxeTx, ta dirge: 


(A) / = ~\ ; (B) /=| + 1 


;r 


(C) 7=1; (D) 7 = 1- — . 


10 


. Tinh J = , ta dirge: 


(A) J = e ; 


(B) J = 2e ; 


(C) J = e 2 ; (D) «7 = 2e 2 . 


11. Che A = JJl-2sin 2 -.sinxeit. B&ng c£ch dfit t = Jcosx thi tich ph&n 


A trd th&nh 

i 

(A) A = \t 2 dt ; 
0 
I 

(C) A = |tdt ; 


i 

(B) A = 2jt 2 dl ; 
0 
I 

(D) A = 2 \tdt. 


12. Tim 7 = [— - r dx , ta dacrc: 

\ xvl + lnx 

(A) 7 = 2yj2 ; (B) 7 = 2(^2 -1) ; 


(C) 7 =2^2-1 ; 


(D) B6p so kh6c. 


12 


f 2x+l , 

13. J|—t-- dx bang: 


10 


x +x-2 


(A) In ; 


(B)ln77 - ln54 ; (C)ln58 - ln42 

14. Che 7 = j2xVx 2 -1 dx. Kh&ng dinh n&o sau dfiy sai ? 


(D) In 


155 

12 
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J 

(A) 7 = jyfudu ; 


2 - 

(C) / = -l 2 


(B) 7 = |n/27 ; 
(D) 7 > 3>/3 . 


16. Tinh 1 = V^—dx, ta dtfac: 
o V* + 1 


(A) /-I; 


(B) I = - j ; 


(C) / = - ; (D) / = 

4 3 


16 


. Cho A = J 


Win*+ 3 


dx 


L 2 

\ B = ; C = J x 2 dx . C£u n^o sau d£y dung 

0 ji 


M 

17. jf 

0 


(A) A = 2B ; (B) A = 2C ; 

n_ 

V(4tan 2 x-4tanx + l) J 


(C )A=B 


(D) A^C. 


cos 2 X 


dx bkng: 


1 


(A) - ; 

i 

18. f-7- dx b&ng: 

Jx 6 +1 

(A) (In 2-1) ; 
4 

(C) i(l-ln2) ; 
o 


(B) | ; 


(C) i 


(D)I 


2 N 


(B) - In 3- — 




3; 

In 3 — — I. 
3 


_ f K 

19. B&ng c6ch dat f = V* + l, hay bien &6i: / = |Vx + l(x + 2)t£c = 

o * o 

2 2 

(A) / = J(r 4 +/ 2 )<* ; (B) / = J(/ 5 +t 3 )dt ; 

i i 

2 2 

(C) 1 = 3 J(/ 5 + / 3 )<* ; (D) / = 3 J(f 6 + / 3 )<*. 

I 1 

In 2 _ 

20. Tinh 7 = jWe*-l<£c 


(A) / = | ; 


(B) 7 = 3 ; 


(C) / = i ; 


(D) 7=1 
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Cf'iu 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

pap an 

(C) 

(A) 

(C) 

(D) 

(C) 

(B) 

(C) 

(B) 

(C) 

(A) 


Cau 

a 

12 

13 

14 

15 

16 

17 

18 

19 

20 

D£p 2n 

(B) 

(B) 

(B) 

(D) 

(B) 

(B) 

(A) 

(C) 

(D) 

(A) 1 


c. hUOng dan chqn dAp An 

xj i i x 

1. Jj 4sin 3 —3sin- dt = - jsinfc// = cost 

n V 3 ^ n 


' . 1 1 
= COSX-1 =- O cosx = - 


x = — vi x € (0 ; ;r). Chon (C). 

i o i 

2. / = \lx\dx = - \2xdx+ jlxdx = -x 1 


-I 

In/ 


-I 


+ X‘ 


-I 


= 2. Chon (A). 


3. A = (e x -e- x )dx = (e x +e~ x ) 


In a* 


Ino 1 . 1 / _0 . O' 1 


= e + 


Ina 


(e +e ) = a + — -2 
a 


a 2 ~2a + \ _ (a-l) ; 


a 


a 


= B. Chon (C). 


* 

4. J(x 2 -m)<fc = 


r x 3 

— + mx 


,3 


= 9 +3m = 15 o m = 2. Chon (D). 


5. -4 = Jj2sin 2 -tic = Jn/ 2 
o» ^ o 

Choi (C). 


. x 
sm- 
2 


x + 3 


* 

tie = jV2sin — dx = -2->/2cos— 


2 11 

=-. Chon (B). 


= 2 >/ 2 . 


7. pat f = y[4x 


• t 2 = 4x => 2/c/r = 4d!x 

• x = 0=>/= 0;x= — =>/ = - 

16 2 


^1 | 2 j 

* Vay / = Jcos/.-/</f = - J tcostdt = — [fsin/ + cos/] 


- n --2 

2 =-Chon (C). 

0 4 




8. u = n x=> du - — ; c/v = (4x 3 -6x 2 )<£r => v = x* - 2x 3 

x 


Viy A - (x A - 2x 3 ). In x 


2 2 


-J(x 3 -2x 2 >fr= - 


V 2 N 

---X 3 

4 3 


= —. Chon (B) 


12 
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9 . u = x => du = dx \ dv = sin xdx => v = - cos x 


* V£y I = -xcosx 


X 

X 2 
2 


0 


+ Jcosxdfr = sin x 


2 _ 


= 1. Chon (C). 


10. u = x => dn = dx ; dv = e*" d5c ==> v = e 


_ „*-i 


_x-i 


* V£y y= xe 


2 2. 


- (2e-l)-e* 


-i 


= e . Chon (A). 


11. -4= JVcosx.sin xfix (vi cos x = 1 -2sin ? —) 


Bat / = n/cosx (i > 0) => < 


• = cosx => 2ft// = -sinxc/x 

• x = 0=s> / = 1 ;x = — => / = 0 

2 


w I 

VSy A = \t.(-2tdt) = 2 jt 2 dt. Chon (B). 


12 . Dat / = Vl + lnx => • 

Ji 


• t 1 = l + lnx=> 2 tdt = — 

X 

• x = 1 => / = 1 ;x = e=>t = >12 
72 


Vt | V* 

* V§y / = J-.2/.rff = 2 = 2(V2-1). Chon (B). 

I * I 


12 


13 


■M 


2x + l 


10 


x +x-2 


fix 


Dat / = x 2 + x - 2 , ta c6 


• <// = (2x + l)f/x 
•x I 10 12 


/ 108 


154 


154 


dt 


vay /= J — = ln|/| 
108 1 

ln77 - ln54. Chon (B). 
14. I = |2xVx 2 - \dx 


154 


108 


= In 154 - lnl08 = (ln2 + ln77) - (ln2 4 ln54) 


* Dat u = x 2 - 1, ta c6 | 

• X 

i 

2 


u 

0 

3 


• du = 2xdx 
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Vay / = J> [udu (Cau (A) dung) 


3 1 2 | 

=> /= = ~- 

3 

= ^i 

3 


J 3 

0 - i 

0 

3 

0 

3 


= —>/27 (Cau (B) v& (C) dung) 
0 3 


• / ~ = 2\/3 <3\/3 => Cau (D) sai. Chon (D). 

t* =x=> dx = 4 t'dt 
yfx = t 2 

x = 0=>/ = 0 ;x=l=>f = l 


15. Bat t ~ ifx (t> 0) 


1 

* Vay / = f 

r/ 2 -p 

1 

At'dt = 4 f(f 4 -/ 3 y? = 4 

f/ 5 /M 

J 

0 

/ +1 v 

J 

0 

U 4 


1 


. Chon (B). 


16. Bat ( = Vlnx + 3 


t 2 = In x + 3 => ltdt = — 

x 

• x = l=>/ = 73 ;x = e=>t = 2 
2 2 


* Vay >4 = J= 2 |r 2 dr = 2 Jx 2 <ic = 2C . Chon (B). 

I,. / = Y 1 - 2 - *?*-— “* = 

J ^r»c z >- J COS * 


COS X 


B&t t = 2 tan x -1, ta c6 


1 ^ 1 

v% / = - f/V/ = —/ 

o J 10 




cos 2 X 


dx 



0 

n 

X 

4* 

r 

-l 

1 


-1 


= — (1 + 1)= - - Chon (A). 
10 5 


1 x b .x 5 dx 


0 x b + r- ; xM 


B&t / = x 6 +1, ta c6 


• dt = 6x 5 iix' => x 5 cfr = -dt 


5 - 


• x 6 =/-l 


X 0 

1 

r 1 1 

2 
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Vay I = f-- 

? / 


19. Bat t = lfx +1 


.(/-D.-C// jv , 


6 =-lll-- 

/ 


dt = -(/-In 
6 V 


2 ] 

= —(1 - In 2). Chon (C). 

i 6 


• / J = x + l=>3 rdt = dx 
x = t 3 -1 

• x = 0=>/ = 1 ;x = 7=>/ =2 
2 


* Vdy I = J/(/ 3 +l).3/ 2 £* = 3 J(/ 6 +/V/ . Chon (D). 

I 

20. Bat u = \fe x -1 =: 


• u 2 = e* -1 => 2udu = e'dx 

• jc = 0=>u = 0;x = ln2=>u = l 


I l ^ 

VSy / = ju.2udu = 2 ju 2 du = 


= - . Chon (A) . 
o 3 


Chtfctag III. tfNG DUNG 
CUA TICH PHAN 


§1. (tiitg dung, tich phdn di> tilth difn tich hinh pitting 

A. KIEN THtfC Cd bAn 


• NSu ham so y - fix) li£n tuc tren doan [a ; 6] thi dien tich S »usa hinh 
ph&ng gidri han bori d6 thi ham s6' y = fix), true hoanh va hai di/6r.g tiling 
x = a, x = b la 
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Tutmg tif (bang each coi x la ham cua bttfn y ), di#n tich S cua hinh 
phang gidfi han bdi ede difdng cong x = g(y), x = h(y ) (g va h la hai ham lien 
tuc trim doan [c ; d]) va hai difdng thang y = c, y = d la 

S = j|g(y) - My)| dy (3) 

c 

B. CAC DANG TOAN DIEN HINH 

DANG 1. DIEN TICH HINH PhAnG Tl/A TRUC Ox 


Phifdng phap 


• J)i?n tich hinh thang cong gibi han bdi difdng 
cong y = f[x), ( fix) t 0) tren [a ; 6], true Ox va 
cac difimg thang x = a, x = b (hinh 1) la: 

S = )f(x)dx 



• N£u f{x) < 0 tren [a ; 6] thi dien tich hinh 
thang :ong (hinh 2) Id: 


S = -f f(x)dx 


O 


• Dier. tich cua hinh gibi han bdi hai difdng 
cong y = f\(x), y = fz(x) (f 2 (x) Z fM) v& hai 
difdng th&ng x = a, x = b (hinh 3) la 


a 


S-*■* 

y~= f(x) Hinh 2 



S= \(f,(x)-f x (xj)dx 


O 


y = fi(x) 



a ^ b x 

y =f 2 (x) 

Hinh 3 


Vi du 1. Tinh di$n tich hinh ph&ng gibi han bdi true tung, difdng th&ng 


y = x + 1 va dirbng cong y = 6.3 _x . 


Giai 


Ta tm toa d$ giao di^m cua difdng th&ng va 
di/dng cong. 

Mu6i vdy ta gidi h£ phifemg trinh 


>• = x + 1 


>- = 6.3 


-x 


<=> 


1 = 1 
y = 2 


V$yS = f6.3"d*- f(x + l)dx 



y = x + 1 





= ^ (dvdt). 

In 3 2 

Vi du 2. Tinh di$n tich hinh ph&ng gidi han bdi cdc dtfdng y = 0, 
y = x 3 - 2x 2 + 4x - 3 vk tiep tuyen vdi dufdng cong c6 hoanh dd x = 

(Hoc vipn QuSn y - 

Giai 

1) V§ do thi (C) cua ham so y = x 3 - 2x 2 + 4x - 3 

Dao ham: y’ = 3x 2 - 4x + 4 c6 A’ = 4 - 12 = -8 < 0 => y' > 0, Vx 

Suy ra ham so luon ludn tang 

/ = &t-4^y” = 0o6i-4 = 0ox = — => y = - — 

3 27 


diem uon 1 


2 25 

3 ’27 


Ngoai rax = 0=>y = -3vay = 0:i>x 3 -2x 2 + 4x-3 = 0 
« (x - l)(x 2 -x + 3) = 0<=>x = l 
Phifcfng trinh ti£'p tuyen vdi (C) tai dilm A c 6 : x A = 2 

=>y* = 5 

tey-y A = y’(2)(x - X A ) 

OJ- 5 = 8 (x - 2) 
o 8 x - y - 11 = 0 

Hoanh dp giao diem cua (C) va tiep tuyen la 
nghipm phi/ong trinh 

x 3 - 2x z + 4x - 3 = 8 x - 11 « x 3 - 2x 2 - 4x + 8 = 0 
o (x - 2) 2 .(x + 2) = 0 

x = 2=> y = 5=> A(2 ;5) 
x=-2=>y=-27=> B(-2 ;-27) 

V$y do thi (C) ti€fp xuc tiSp tuyen tai A vh cdt nhau tai B. 
2) Goi S la diSn tich hinh phang din tim: 

Ta cd: Vx e [-2 ; 2]: y (C) 2 y„ 

2 

Do d 6 : S = J(x 3 -2x 2 + 4x - 3 - 8 x + ll)dx 

-2 

2 

S = J (x 3 - 2 x 2 -4x + 8 )dx = 



X * 2x 3 2 - 

-2x + 8x 

4 3 


Vfiy: S = — (dvdt). 
o 

Vi du 3. Tinh dipn tich hinh phSng gidi han bdi di/dng th&ng y 
va hai tiep tuyen cua dddng cong ve tai hai di£m x = 0 va x = n. 

Giai 

Ta tim toa dp giao cua du&ng cong vdi cdc dif&ng th&ng x = 0 va x 
0(0 ; 0), A(n ; 0) 


2 . 

1997) 


► 


= sinx 


T. 
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Phiicng trinh tiep tuyen vdi dirtmg cong tai hai diem tren la: 

• Tai diem x = 0: y = \(x - xo) + y 0 y = l(x - 0) + sinO o y = x 

• Ta: diem x = tt. y = -l(x - n) + sin/r (do y' = cosx) o y = -~x + n 
Ta tim toa do cua giao diem hai 

dtfdng th&ng tren: 


\y =* 

\y- 


o 


x + n 


71 

X = — 
2 

* = 2 


Ta cc B 


' — -!L 
2 ’2 



Ky hieu dien tich hinh phang phai tim la S. Mat khac, do tinh doi xdng 


nen ta cj: S = 2 J(x - sinx)dx = 2 


+ cosx 


/1 


7T 


2 = —- 2 . 
o 4 


Vi da 4. Tinh dien tich hinh phang gidi han bdi cdc difdng 

y = -• 

Giai 


y = -x 2 - 2x + 4, y = -x 2 + 4x + 1, y = 5 


Tif hnh ve ta c6 

1 

S = S ARa) - J(-x 2 - 2x + 4 )dx - J(-x 2 + 4x + \)dx 


= 5- 


'-x 3 


-x l +4x 


2 - + 2x 2 + x 


-1 


’ = 15-6--6- = 2- (dvdt) 
\ 8 8 * 



Vi cu 5. Tinh di$n tich hinh phang gidi han bdi cdc ddcmg cd phiicmg 

x 2 8x 7 x 7 - x 
tnnh: _ + _ - - v 4 y = — 

(Hoc vi$n Cong ngh? Buu chinh Vien thdng TPHCM - 1998) 
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Giai 

1) V& do thi (P): y = - — + — - - v& (H): y = 

3 3 3 x - 3 


x- 8x 7 


* V6(P) : ^-t + f-3 


, 2x 8 

* 3 + 3 


y’ = 0=>x = 4=>y = 3=> dinh parabol (4 ; 3) 

• Ve (H): ( H) c6 hai dtfirng ti§m c£n: 

Tiem c§n dufng x = 3 
Tiem c£n ngang y = -1 

• Toa do giao dilm cua (P) va (i/): 


7^ 

0; -| 


; (4 ; 3) va (7 ; 0) 


2) Goi S la dien tich tim. 

Ta c6: Vx e [4 ; 7]: y (P) > y (H) 

- / . 

7 - x 


s = J; 

-i 


_ 

3 + 3 3 x - 3 

_x^ 8x 4 4 

3 + 3 3 x - 3 


dx 

dx = 



V£y: S = 9 - 81n2 (dvdt). 

Vi du 6. Tlnh diSn tlch miln phing gidi han bdi d6 thi cua cdc ham so 

5 3 

sau trong mat ph&ng toa d$ Oxy: y = x 2 — x + 1 vay = -x 2 + - x + 1 

2 2 

(Dai hoc DSn lap Thang Long - Ha Nqi - 1997) 
Giai 

1) V§ do thi (Pj):y = x z -^x + 1 va (P 2 ): y = -x 2 + |x + 1 
.(P,):y='x 2 -|x + l =>y* 2x-|,y = 0=>x* | =>y= ~ 


Dinh A, 


5 9 

_. • - 

4 ’ 16 


/n , 2 3 . o 3 - A 3 25 

• (P 2 ): y = -x 2 + — x +1 => y = -2x + -, y = 0=>x=-=>y= — 


Dinh A^ 


f 3 25 
* — 

4 ’16 


Phi/ong trinh hoanh d$ giao dilm cua (Pi) va (P 2 ) 


2 5 , 2 3 1 

x —x + 1= — x+—x + l 


o x - 2x = 0 o 


x = 0 => y = 1 
x = 2 => y = 0 
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2) Goi S la dien tich cAn tim, ta co: Vx e [0 ; 2]: y {P} > y ( 


.2 .3 2 . 5 


*+8-0 

3 


Do (16: S = \\-x 2 +-X + 1-X 2 +-X-1 dx 

o J L 2 2 

\ O r 3 2 ( 

= f[-2x 2 + 4x)d;r = - — + 2x 2 

0 l 3 J 0 l 

Vay S = ^ (dvdt). 


DANG 2. DIEN TICH HINH PhAnG TDA TRUC Oy 


Phrfdng phap 


• Dien tich hinh thang cong gidi han bdi dtfdng 
cong 

x = (fiy), (fiy) > Q tren [c ; d], true Oy vd ede 
dddng thang y = c, y = d (hinh 1) la 

S = jV(y)dy 

c 

• Neu (fiy ) < 0 tren [c ; d] thi dien tich hinh 
thang cong (hinh 2) la 

d 

s = -jV(y)dy 


x = <p(y) 


Hinh 1 


x = qrtyr^g c 
Hinh 2 0 


• Di$n tich gidi han bdi hai dtfdng cong x = pi(y), ^ 

x = <%(y) (<%(y) > 9 >i(y)) va hai diidng th&ng y = c, x = <pi(y) ^ 

d c_ 

y - d (hinh 3) Id S = J(p 2 (y) - (p x {y))dy 


x = (p 2 (y) 


Hinh 3 


Vi du 1. Tinh di?n tich hinh ph&ng gidi han bdi d<5 thi: y = lnx, true Oy 
va 2 di/dng thdng y = 1 va y - 3. 

Giai 

Ta c6: y = lnx o x = e* ^ ' /y = Inx 

Difn tich cho bdi: S = jje y | dy (e* > 0, Vy e R ) 2 

« *r . . .1* * 0 7l 


S = Je'dy = e y = e* - e 


Vi du 2. Tinh di$n tich hinh ph&ng gidi han bdi ede dadng: y = (x + if ; 
x = sin(^y) vdi 0<y<l;y = 0 

Giai 

y = (x + l) 2 gom hai nhdnh. Xdt nhanh dng vdi x > -1, ta c6: 
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x + 1 = sfy o x = Jy - 1 
Vay: S = jj^sinUy) - (>/y - l)Jdy 

= jj^sinUy)- ■Jy + ljdy 


1 , , J? 

— cos(/ry) - -Zz— + y 
7T 3 


12.1 21 

=-+ 1 + — = — + 

n 3 n 7t 3 



Vi du 3. Tlnh dipn tich hinh ph&ng gidi han bdi do thi (C): y = 2 1 ', true 
Oy v& 2 dtfdng thSng y = 2 vk y = 3. 

Giai 

log, y _ Iny 

In 2 


y = 2* o x = logay = 


log, 2 


3 | 1 3 

Dien tich hinh phSng: S = f dy = -— f|ln y|dy y | 

o In 2 In 2 o o I 


lny = 0oy=l«(2;3) 


S = 


1 


o 

Jin y.dy 


In 2 

Tlnh / = jin y.dy . Dat: 


TT 



y =2* 


u = lny 
dv - dy 


ta co: 


du = - 

y 

v = y 


I = ylny 


3 3 

2 2 


u 

- Jdy = 31n3-21n2-y 


= 31n3 - 21n2 - 1 


=> S = — (31n3-2ln2-l). 

In 2 

Vi du 4. Trong mat ph&ng Oxy cho di/dng trbn (C): x 2 + y 2 = 3 va 
parabol (P): y 2 = 2x. 

Tinh ti so di§n tich cua 2 phan hinh trbn do (P) chia hinh tr6n (C). 

Giki 


Phifemg trinh ho^nh dp giao dilm: 


x 2 + 2x = 3ox z + 2x-3 = 0o 


x = 1 
x =-3 


*) x = 1 => y 2 = 2 => y = W£ 

*) x 2 + y 2 = 3 => x 2 = 3 - y 2 =* x = +^3 - y 2 
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*)y 2 = 2x=>x = l -y 
Di?n tich hinh phAng 1A: 

s , = J yfc'-y* -\y‘ dy = J 7 3 - fdy - i J y l dy = I -~J 


TiV 2 ' )' k' ' ' 2 „ 


J2 

1 



Ji 2^2 

' 2/2) 

3 

-Ji 3 

{ 3 


4^2 


XAt: J = J V 3 ~ 

Dat: y = \J 3 sin t, dy = >/3 cos v6i -—<£< — 

2 2 

Doi Men 

-yfe sl2 


t = a e 


-i* 


< = /*€ 




J = [>/3-3sin^7.>/3 costdt = 3jcos 2 *d< = - J(cos2* + l)cfr 


3 1 1 . 

= i(' + i sin2i 

2 2 


= - P - a + i(sin2/? - sin 2a) 
2 2 


P - a + ^ (sin 2 p - sin 2a) 


2n/2 

3 


S 2 = 7iR 2 - S, = tfx/jF -S, = 3tt-S, 


Ti sc dien tich hai phAn hinh trbn: 


3 7T-S. 


DANG 3. DIEN TICH HINH PhAnG Gltfl HAN BClI D6 THI HAM S 6 

cHtf a c.iA tri tuyEt d6i 

Phi/tfnf phap 

Bifin d>i bic?u thtic trong dAu giA tri tuy|t d6'i, phAn khoAng chuyin v& bi$u 
thvfc kJ6ng chda dau giA tri tuyet d&'i, tinh tich phAn tren cAc khoAng. 


Vi du 1. Tinh di?n tich hinh phlng gidi han bdi cAc di/dng: 


2 3x 


V = L-2sin' — 
2 


Ta 6: y = 


. 12 n 

y = 1 + —x ; x = — 

n 2 


Giai 


1 - 2 sin 2 — 


2 



cos 
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S= Jl 


12x 


“ Cos3x| \dx = 


n 


x + 


= — + ^ - j]cos 3x dx - [|cos 3x dx 
£ £ i 


- 2n - Jcos3xc£x- J(-cos3x)dx 



, 12 

v = 1 + — x 


n 


gdZ\ZX-» 


2n - 

( 

sin3x 

* 

6 

+ 

sin 3x 

K 

2 


3 

0 


3 

< 

* 


= 2n 2* -1 

3 3 3 

Vi du 2. Tinh dien ti'ch hinh phang gidi han bcri do thi cua cdc ham so' 

3 

y = 2 - 2 - x va y = 


Giai 

Ta tim hoanh dd giao diem cua hai do thi. Muon vay ta giai phifcmg trinh 


2 - (2 - x) = - — 
x 

x < 0 


2 - 


2 - x 


3 

= ri o 

X 


o 


0 < x < 2 
2 - (x - 2 
x £ 2 

x = yjs 
x = 3 



Ti/ hinh vg ta thSy di$n tich hinh ph&ng cdn tim d6 la dien tich tarn 
gidc cong ABC, trong d6 A(2 ; 2), B(V3 ;>/3), C(3 ; 1). 

Dildng thang AS c6 phifcmg trinh y = x (do 2 - x > 0). 

Badng thdng AC cd phi/ang trinh y = 4 - x 
(do 2 - x < 0 thi y = 2 - (x - 2) = 4 T x) 

v,ys= 1HM( 4 


3 

- x — 
x 


dx 


= I — x 2 - 3 In x 
2 


x 2 

+ I 4x-3 In x 
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= — + 3In — + 1 — + 3In - = 2 + 3In— (dvdt) 
2 2 2 3 3 


DANG 4. Cl/C TRI DI$N TfCH 

Phu'tfng ph.-ip 

• Str dung ti'ch phSn de tinh dien tich hinh phang. 

• Khao sat ham so thu diroc theo tham so. 

Vi du 1. Tim tflft ca gia tri cua tham sd (as 1), sao cho vdi moi gia tri 
trong cdc gia tri do, dien tich cua hinh phang ndm tren ntfa mat phang x > 
0 va gidi han bdi cac diidng thang y = 1, y = 2 va cac diidng cong y = ax 2 , 

y = ^ ax 2 se c6 gia tri lcrn nha't. Tim dien tich S nay. 


Giai 

Ta tim toa do cdc giao diem do thi cua cac ham sd da cho vdi diidng 
thang y = 1. Goi cdc giao diem d6 la A, D. Muon vdy ta giai cdc h§ phi/ang 

1 , 


trinh: 


y = ax 2 
y = 2 


Suy ra A 


fa 


;i 


, D 


y= 2 "' 

* = 2 

MM* > 
2 


;i 


v 


Ode hdm sd da cho c6 do thi cdt ditfrng thang y = 2 tai hai diem B vd C. 
Toa do cua hai diem la nghipm cua hai h$ phifcmg trinh 


y = ax' 
y = l 


1 2 
y = -ax 
2 

y = l 


Dan den B 


fjl* 

, C 

f* 



If 


De y thfiy r&ng diem B vd D c6 cung hodnh dp, bdi vdy dipn tich hinh 
thang cong ABCD (ky hieu Id S) Id tong di£n tich hai tarn gidc cong ABD 
(ky hieu Id Si) vd BCD (ky hi§u Id S 2 ). Nghla Id S = Si + S 2 


Si = J (ax 2 - Ddx, S 2 = 


1 

£ 


S ~ Si + So = 


ax' 


- x 


2 

Z 


2 

a 

2 

« 

1 

Z 


2 - — ax 2 
2 


2x - 


ax' 


3 
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X6t ham s6' fla) = — [ — - 2x/i |. 

a\ 3 ) 

Vdi tfip xdc dinh a £ 1 ta thSy h&m so dan di$u giam. Bdi vfiy/ tron^ tap 
x&c dinh n&y du de hkm so" dat gid tri ldn nhSt khi a = 1. 

Vdy S ra „= ^-2>/2. 

o 

Vi du 2. Tim td't cd gid tri cua tham so a (a > 0), sao cho v6i moi gid tri 
trong cdc gid tri <36 dipn tich hinh phdng dope gi6i ban b<dri parabol 
x 2 +2ax + 3a 2 , . 3 a 2 - ax . , 


1 + a 4 


vd diidng thdng y = -— se c6 gid tri 16n ntodt. 

1 + a 


Giai 


Trtf6c h£t ta tim hodnh dp giao diem cua parabol vk dating thdng da 

x 2 + 2ax + 3 a 2 


cho. Muon vdy ta gidi h@ phucrng trinh: 


1 + a 4 


a -ax 
y ~ 1 + a 4 


TCf h§ tr§n ta c6 x 2 + 3ax + 2a 2 = 0, suy ra xi = -a, x 2 = -2a. 

Khi d6 y\ = — , y% - ——. Dan den do thi cua hai ham so cdt nhau 

1 + a 4 1 + a 4 


. , . J 2a 2 J 0 3a 2 

tai haj diem B -a ;- - , C -2a ;-- 

l + a 4 J 1 + a J 


Dien tich hinh phdng cdn tim the hien tren hinh ve, d6 Id hinh phdng 
C m B n . 

Vdi -2a ilia, ta tinh dipn tich hinh phdng, ky hi^u Id S(a) 

. ’? a 2 - ax x 2 + 2ax + 3a 2 , 

S(a)= j ------i- dx 

L 1 + a 1 + a 



—f (x 2 + 3ax + 2a 2 )dx 

1 + a 4 i 

-1 fx 3 3 ax 2 „ a )- a 3 

1 + a 4 [3 2 J 6(1 +a 4 ) 
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Ta c4n tinh gid tri cua a (a > 0), sao cho 
vdi gi-l tri dd S(a) nhdn gid tri ldn nhat. 

Ta cd S’(a) = I. 3aW)-4^ = q 2 ( 3 r a 4 ) 

6 (1 + a 4 ) 2 (1 + a 4 ) 2 

Giai phifcrng trinh S'(a) = 0 

. a = 0 

a \3 - a 4 ) = 0 « r 

a = v3 

Do a > 0, nen loai gid tri a = 0. 

Be y thay rang vdi 0 < a < \l3 , ta co S’(a) > 0, c6n vdi ^3 < a < +oo , ta 
c6 S’(a) < 0. 

Dan den ham so S(a ) dong bi£n tren khoang 0 < a < ife vd nghich bi&'n tr£n 
khoiing \/3 < a < +co . Nghia la vdi a = ^3 hinh phing c6 di£n tich ldn nhat. 

C. TOAN Tl/ LUYEN 

Bai 1. Tinh dien tich hinh ph&ng gidi han bdi hai dddng: 

^ ^ .. r „ /ri 


C\\ y = sin* va C 2 : y = cos* vdi x e 0 J . 

Bai 2. Tinh di$n tich mien phang gidi han bdi: 0<iSff,0<y< sin 2 *. 

Bai 3. Tinh dien tich gidi han bdi cdc ditdng y = * 2 - 4x + 3 , va y = 3, 

trong mat phang toa dp Oxy. 

Bai 4*. Tim gia tri cua a (a > 0), sao cho vdi gid tri d6 hinh dtfdc gidi han 

O 3 / 2 2 

bdi cdc parabol y = ^ , X - vd y = -■ cd di@n tich ldn nhdt. 

1 + a J 1 + a 3 


D. DAp SO VA Hl/CfNG DAN GIAI 


Bai 1. X6t sin x - cos x = 4*2. sin x 

\ 

n 

~4, 

vdi * e 

X 

0 * 

4 


71 

2 

sin x - cos x 

-1-0 

+ 

1 

Di<an tich S: 





01 n_ n 
2 


C 14 A 

S = j]sin * - cos * dx = J-(sin x - cos x)dx + J(sin x - cosxldx 


4 4 l l 

* '-Jsinxci*+ Jcos*dx+ Jsinxdx- Jcosxdx 
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= (cosx -sinx) 


4 - (cos x + sin x) 
o 


* = n /2 - 1 - 1 + V 2 = 2 (Vi - 1) (dv-dt) 


Bai 2. Goi S 14 dien tich hinh phfing, ta c6: 


c *f • 2 j 2 i-1-cos2x 1 *r, 1 \ , 

S = J sin xdx = J- ax = - J ax — j cos 2xdx 


2 - - sin 2x 
o 4 

n 


2 = — - — (sin n - sin 0°) = — 
o 4 4 4 -n 


S = ^ (dvdt) 
4 



Bai 3. Goi S 14 dien tich can tim, di/a vao do thi ta c6: 

1 3 4 

S = J[3 - (x 2 - 4x + 3)] dx + J[3 - (-x 2 + 4x - 3)] dx + J[3 - (x 2 - 4x + 3)] dx 



X 3 

- — + 2x 2 

1 

+ 

Q 

- 2x 2 + 6x 

3 

+ 

f- — + 2x 2 ) 


3 

0 

3 

1 

3 J 


1 > 
--^ + 2 

+ (9 - 

-18 + 18) + 

-— + 32 + 9-18 

3 , 



3 


y* 

4 

J 

4 

CL 

3 

1 

■yrx/t) 

-1 

a.'2J.''3 4 

- 


= 8(dvdt) 

Bai 4. Ta tim ho4nh dQ giao dilm cua hai parabol. Muon vay ta gifli he 

2 \fax - x 2 


phifcrng trinh 


y = 


y = 


l + o- 
„2 


1 + a- 


Tif h£ tr&n ta tim difCfc c4c giao di«?m cua hai parabol: 0(0 ; 0), B 
Gi4 suf di4n tich hinh ph&ng phdi tim 14 S(a) ta c6 


a : 


3/"I > 
VO 

1 + a : 


1 + a‘ 


1 + a' 


dx = 


3(1 +a 3 ) 


S’(o) = 


1 l + a 3 -3a 3 1 1 - 2a : 


3 \2 


3 (1 + a ) 


3 \2 


3 (1 + a ) 


S’(a) = 0 o 1 - 2a 3 = 0 o a = 3 - 



TCi d6, ta tim duoc tai a = ?|i , hinh ph4ng c6 dien tich ldn nhd’t. 
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§2. ( f/ng dung tie it plum de tinh the licit oat the 


A. KIEN THtfC Cd BAN 

1. Cho ham so y = fix) lien tuc, khong am 
tren [a ; 6]. Hinh phang gidi han bdi do thi 
hdin so y = fix), true hodnh vd hai diidng 
thang x = a, x - b quay quanh true hoanh tao 
nei> mot khoi trdn xoay. The' ti'ch V cua n6 
dU(fc tinh theo cong thOfc 

V = n\f\x)dx (1) 

_ a _ 

2. Cho diidng cong co phi/ong trinh x = g(y), 
trong d3 g la ham so lien tuc va khong am tren 
doan [o ; d]. Hinh phang gidi han bdi dddng 
cong x = g(y), true tung va hai di/dng thang 
y = c, y = d, quay quanh true tung tao nen mot 
khrti tidn xoay. The tich V cua n6 diroc tinh 
theo eoig thtife 

V = n\g 2 (y)dy (2) 




B. CAC DANG TOAn DIEN HINH 

DANG 1 . TH£ TICH KHOI TRdN XOAY TAO BClI 
MlliN PHANG QUAY QUANH Ox 

Phtfcfng phap 


Tro.ng mat phang (Oxy), mot hinh phang gidi 
han. idi ede dddng y = fix), x = a, y = 0 quay 
xnn.g quanh Ox tao thdnh vat the trbn xoay, 


thl ti:h ddefe ti'nh bdi 


V T = /r J[/‘(x)] 2 dx 



Vi iu. 1. Tinh thi tich vdt thi tao n§n khi quay xung quanh true Ox 
hinh gjdi han bdi dtfdng cong 2y = x 2 vd diidng th&ng 2x + 2y - 3 = 0. 

Giai 

Tndc hit ta tim hodnh do giao diim cua 
diidn,g .h&ng vd diidng cong 

2 o _ Or 

Ta :6 2y = x 2 « y = — <»2x + 2y-3 = 0oy = —-— 

2 2 

Diet ddy ta gidi phi/ong trinh x 2 = 3 - 2x 
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«x+2x-3 = 0<^ 


x = 1 
x =-3 


De th&'y toa d6 cdc diem A 


-3-^ 
’ 2 


B 


1 I ; D{- 3 ; 0). 


Ta c6 V = V, - V 2 , d d&y V,, V 2 lan -3 
lifct 1& th£ tich tao nen khi quay xung 
quanh true Ox ede hinh thang cong DABC 
DAOBC. 

f 

dx = 7T 





9x 3x x- 
4 2 3 


= n 


9 3 1 
4 2 + 3 


'-27 _ 27 _ 27'll 
4 2 3 
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V 2 = ;rj 


-3 


,2, 


<*x = 

4 5 


61 


;r 


-3 


... T7 91 n 6 In 272 , « 

V&y V = —-— = — * (dvtt). 

3 5 15 


►x 


2x + 2y - 3 = 0 


Vi du 2. Cho D Id miln gidi han bdi ede dirtrng: y = vcos 4 x + sin 1 * , 
y = 0, x = —, x = n. Tmh the tich khoi tr6n xoay tao nen do ta quay mien D 

A 

quanh true Ox. 

Gi&i 

Goi V lh the tich kh6'i tr6n xoay, ta c6: 


Bi§'t sin 4 x + cos 4 x = (sin 2 x + cos 2 x) 2 - 


= 1-1 
2 


1 - cos 4x 



Do d6 tif (1) suy ra: 


'ff 3 1 „ ' 

V = n — + — cos 4x 
4 

. * 
dx = — 
4 

■i 

JT * 

|3dx + Jcos4xc£x i 

T W 

n 

” 4 

f i 

3x+ — sin4x 

i, 4 

^ X A 

2 


m a 

-2 2 J 




0-2 

=> V = 22- (dvtt) 
8 
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V: du 3. Ti'nh the tich cua kho'i trbn xoay khi quay quanh true Ox hinh 

y = x.c ' 

phflnt S gidri han bdi • .t = 1,0 <, x <, 1 

y = 0 

Giai 

Xtt ham so y = x.e x , 0 £ x < 1 
y’= + x.e x = e x (l + x) 


X 

0 

l 

y’ 


+ 


y 





V = 7i\(x.e’) 2 = n\x 2 .e 2 ’dx 


PSt: 


u = x‘ 


dv = e 2x dx 


ta c6 


du - 2 xdx 

_2x 


Vs ti.x 2 .~ - n \x.e 2x dx = - nJ 

o.i o 


Xbt :J= \x.e 2x dx 



0 1 


Pat: ( U X „ ta c6 

dv = e 2l dx 


du = dx 

_2x 


r e 2x 1 1 V 2t , e 2 f 1 u y e 2 - 2 1 e 2 1 

2 o 2 ' 2 U Jo 2 4 4 4 4 

o / o i \ 2 2 2 

y ;re ^ e + 1 __ ne ne n ne n 

~ 'T' 7T {l + 4) ~ ~2 T~ 4 " ~4 ~4 

Vi du 4. Cho hinh ph&ng D gidfi han bdi ede dudng y = tanx, x = 0, 

ft) Ti'nh dign tich hinh D. 

b) Tinh the tich cua vSt th<? trbn xoay daoc tao bdi hinh D khi quay 
quanh true Ox. 

(Dai hoc Ndng nghigp I Hd NQi - 1997) 
Giai 
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Ve dS thi cua ham sd' y = tanx theo bang gid tri trong nCfa khoang 0 ; ^ 

£ 



0 

7t 

n 

X 

4 

3 

y = tan x 

0 

1 

1,73 1 


a) Tinh dien tlch hinh phSng D. 
Goi S \k dien tich c4n tim thi: 

n 

3 £ 

S = ftan xdx = - In cos x| 3 


3 £ I no - - --J 

S = f tan xdx = - In cos x| 3 A 

° 1 

= - In cos-J -ln(cosO) “o n n ~ * x 

L V 43 2 

= - In — - In 1 = -[lnl - ln2 - lnl] 

2 

Vay: S = ln2 (dvdt). 

b) Tinh V khi D quay quanh true Ox sinh ra m6t vdt the trbn xoay nen 
c6 the tich: 


3 3 £ 

V = n^tan 2 xdx = n J(tan 2 x + 1 - l)dx = n(tanx-x) 3 

0 0 0 

= n tan — - — - 0 = n Vi - — 

LI 3 3) 3j 

\ 

Vdy: V= n Vi - - (dvtt). 

3 ) 


Vi du 5. Tinh the tich cua khoi trdn xoay tao bdi hinh piling gidi han 
bdi hai diidng cong y = x 2 ,y = \[x quay quanh true Ox. 

(Hoc vi<?n Qudn y - 3997) 

Giai 

Goi do thi (Pi): y = x 2 vd (P 2 ): y = -Jx 
Ta c6 toa do giao dilm cua (Pi) vd (P 2 ) Id 

[* = l=>y = 1=>A(1 ;1) 

Do dd: Vr e [0 ; 1]: y (Pj) £ y (p) . 

Goi V Id the tich khoi tr6n xoay do mien gidi han bdi (Pi) vd (Pa) quay 
quanh true Ox thi: 

" , r . y A 


= n\ (V^) 2 -(x 2 ) 2 dx = n\[x-x A ]dx 

0 0 
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fx 2 

x fi> 

' fl 

— JT __ 

r 

2 

' 5 y 

— JL 

o 12 

‘5, 


Viy: V = — (dvtt). 

10 # 

DANG 2. THE TICH KHOI TRON XOAY TAO BCfl MIEN PhAnG 

QUAY QUANH Oy 

PhiiOng phap 

Xdt diidng cong x = g(y) trong d6 g(y) Id mot 
hAm lien tuc tren doan [a ; 6]. 

Neu hinh gidi han bdi cac diidng x = g(y), y = a, b I 

y = 6 vd x = 0 quay xung quanh true Oy thi the Y 

tich V cua vat the sinh ra diipc tinh bdi cong x 

thtfc: V = xfx 2 dy (J\ 


x = g(y) 



Vi du 1. Tinh thl tich vdt the tao nln khi quay xung quanh true Oy 
hinh gidi han bdi diidng cong y 2 = 4 - x vd diidng thdng x = 0. 

Giai 

Ta tim toa d$ giao diem cua dudng cong vk diidng th&ng. 

Ta c6 A (0 ; 2), 5(0 ; -2). 

Mat khde / = 4-iox = 4-/ Ay 

Din den V = n j x 2 dy = n J(4 - y z ) 2 dy 4-^y = ~ x 

- 2 - 2 o£yv\Y\ 


= 2ir J(16 - 8y 2 + y 4 )dy 


{ 3 5 J o 15 

Vi du 2. Cho (D) Id miln kin gidi han bdi ede diidng: 
y = v* , y = 2 — X, y = 0. 

a) Tinh difn tich miln (D). 

b) Tinh thl tich vdt th£ trdn xoay dupe tao ra khi ta quay ( D ) quanh 
true Oy. 

Gidi Ay 

a) Tinh dipn tich miln ( D) \ 

Ta c6 toa dp giao diem cua y = -fx vd . 

y = 2 - x la (1 ; 1). liVT • 


S<D)= j(Vx-ojdx+J(2-x-0)dx 


0 1 £ 
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* r * 9 - 1 ( x 2 V 

= \yjxdx+ \(2-x)dx = -x 2 + \2x - 

o i 3 0 ^ 2 j 

9 1 7 

= — + 2- 2 + — = — (dvdt). 

3 2 6, 

b) Tinh the tich vat the trdn xoay diidc tao ra khi ta quay (D) quanh 
true Oy. 

i i i 

V = jxXHB 2 - HA 2 )dy = J/r.[^(2 — y) 2 -y 4 ]dy = ;rj(4 + y 2 - y 4 - 4y)c/y 
0 0 0 

= 4y + - 2y 2 ' = n{4+ ±-2 \ = *[2 + —] = —(dvdt) 

[ 3 5 "] 0 l 3 6 J 15 J 15 

Vi du 3. Cho hinh phang D gidi han bdi ede difdng y = (x - 2) 2 vd y = 4. 
Tinh the tich vat the tron xoay sinh ra bdi D khi quay n6 quanh: 

a) true Ox. 

b) tr M c °y Ay y = (x - 2 r 

Giai v , 

a) Quay D quanh Ox: \ j 

M: 

= 64/r-|(2 5 +2 E ) = ^(dvdt) \y B \ _^ 

b) Quay D quanh Oy: y = (x - 2) 2 <=> x = 2 ± >/y ^ 214 

V y = Jtt(7 M 2 - IN 2 )dy = x j(x 2 M - x 2 N )dy = ^||'(2 + N /y| - ( 2 - >/y) dy 

0 0 0 L 

= rje* = to. 41! ■ f^- 8 ■ 1 f £(dvdt) 

2 

C. TOAN Tl/ LUYEN 

Bai 1. Tinh th£ tich vat th§’ nhfin diroc khi quay xung quanh true Ox hinh 
gidri han bdi ede dudng y = x 2 , y = x + 2. 

Bai 2. Cho hinh ph&ng {H) gidri han bdi ede di/dng: y = 4 - x 2 vd y = x 2 + 2. 
Quay hinh phang ( H) quanh true Ox ta dupe vat the (K). Tinh the tich 
vfit the (70. 

x 2 v 2 

Bai 3. Tinh thl tich hinh elip ( E): — + — = 1 quay quanh true Ox. 

9 4 

D. DAP SO VA HI/0NG DAN GlAl 

Bai 1. Ta tim hoanh dp giao diem cua hai diidng da cho. Muon vdy ta giai 
philcmg trinh 


0^ 2 I 4 
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r 2 = x + 2»x 2 -x-2 = 0o 


Tv hinh ve ta c6 


x = -l 
x = 2 


V = * 


J(j: + 2 fdx - JxVx 


V I 

% 


= * J(x 2 + 4.r + 4 - x 4 )rfx 



= * 


x" 4x" x 

— +-+ 4x 

3 2 5 


= 14,4'T (dvttj 


Bai 2. 


V = j n.lN 2 dx - j n.lM 2 dx 
1 * -1 

= J*.(4-x 2 ) 2 dx- J*.(x 2 + 2 fdx 


y = x 2 + 2 


-1 


-1 


= * {(x 1 - 8x 2 + 16 - x 4 - 4x 2 - 4 )dx y = _ x ^ + 4 -11 



►X 


= * J(-12x 2 + 12)dx = 12* 


-1 

2 2 

Bai 3. Ta c6: — + — = 1 => 
9 4 


x - 


= 16* (dvdt) 


-i 


a 2 = 9 => a = 3 
b 2 = 4 => 6 = 2 


o O 

V = * J y 2 dx = * J 4 


3 / „2 '\ 

1 - — 
v 9 


-3 


dx = 4 * 


x - 


27 


= 4*((3 - 1) - (-3 + 1)] = 16* (dvdt) 



§3 (nutty eao). (((tty (/any tich phun Irony yiai loan 

itai id, yiai tich od to hop 
A. ki£n THtfe cd bAn 

t. Kien thu’c dai so 

Dinh li 1. Cho hai s6' thiic a, b tr6i d6u (a < 0 < b) vk fix) 16 mpt h6m s5 
lien tuc, khQng 6m (c6 the bang 0 tai mSt s6' htfu han dic?m) tr§n [a ; 6]. Khi d6, 

X 

trong la ; 6], phi/tfng trinh F(x) = ^f(t)dt = 0 c6 nghiem duy nhflft x = 0. 

o 

Chtfng minh 

X 

Ta thS'y F(x) = jf(t)dt 16 mot nguyen h6m cua fix) tr6n [a ; 6]. 
o 
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- Neii x = 0 thi FI0) = jf(t)dt = 0. Vay x = 0 la nghi$m cua phiftmg 

o 

trinh Fix) = 0 

- Neu x * 0 v& x g [a ; 6], thi tir gia thiet fix) > 0, ta suy ra Fix) dong 
bien tren [a ; 6] va Fix) * FI 0) = 0, ttfc phi/ong trinh Fix) = 0 khong thf? c6 
nghiem x * 0 tren [a ; b ]. 

Vay phifdng trinh Fix) = 0 c6 nghiem duy nhfi't x = 0. 

Dinh li 2. Gi4 sOr ham s6' y = fix) xdc dinh va lien tuc trong [a ; 61 va 
gia sd Fix) la m$t nguyfin ham cua n6. Khi d6, neu ton tai cdc so thiic x t , x 2 
e [a ; 6] vdi xi < x 2 , sao cho Fixi) = F(x 2 ), thi phuong trinh fix) = 0 c6 
nghiem trong [xi ; x 2 ]. 

Chtfng minh 

Gia sir phuong trinh fix) = 0 khong c6 nghiem thupc [xi ; x 2 ]. Vi fix) lien 
tuc nen suy ra: hoSc fix) > 0, Vx e ; x 2 ], hoSc fix) < 0, Vx e [X] ; x 2 ). 

Neu fix) > 0, Vx e [x\ ; x 2 ] thi ham so Fix) dong bid'n tren doan [xi ; x 2 ]. 
Suy ra Flx\) < F(x 2 ), trdi vdi gia thiet. 

Neu fix) < 0, Vx e [xi ; x 2 ] thi ham so Fix) nghich bi£n tren doan [xi ; 
x 2 ]. Suy ra F(xi) > F(x 2 ), trdi vdi gi£ thiet. 

Nhii vfiy, trong cd hai trirdng hop, ta d4u co F(xi) * F(x 2 ), dieu nay trdi 
vdi gia thiet: F(xi) = F(x 2 ). 

Vay phiTOng trinh fix) = 0 c6 nghiem trong [xi ; x 2 ]. 

2. Kien thtfc gicfi han 

S V 

1 _ 
n 


- Phan tich va dem tong ve dang: S n = Y f — 

, = i [n 

- Xet ham so fix) lien tuc tren doan [0 ; 1]. 

- Dung phdp phSn hoach doan [0 ; 1] va l&p tong rich phSn: 

s. = i f<(M =t «k *, = i 

i = 1 i « 1 n n 

- Dung dinh nghia hodc dung cdng thdc Newton - Leibnitz de ri'nh gidi 

i 

han cua td’ng tren: lim S n = J/"(x)dx = [F(x)] 

""*** 0 

3. Kien thu’c to hdp 


- Cong thu’c 1 6 hop n chap r: C r n = 


n\ 


vdi n! = 1.2.3 .71 vd Vn, r e N 


r!(n - r)! 

- Cdng thiic khai triln nhi thiic Newton: 

la + b) n = C°a" + C'a n 'b + CV 2 6 2 + ... + C r a K ' r b r +... + C n n 'ab n ' + C n n b' 


- Ti'nh rich phfin JY(x)dx ; khai tri4n va phfin rich r6i diia ve dang nhi 

a 

thtfc Newton. 
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B. CAC DANG TOAN DIEN HINH 

DANG 1 . CAC BAl TOAN DAI SO 


Vi du 1. Giai phiidng trinh 4x 3 + 12x - 8 - cos 3x + 9 cos x = 0 trong (0 ; +cc). 

Giai 

Pat Fix) = 4x 3 + 12a: - 8 - cos 3x + 9 cos x . Ta c6 F(0) = 0 vA 

* X 

Fix) = J(4/ J + \2t - 8 - cos 3/ + §Qost)'dt = J(12/ 2 + 12 + 3sin3f - 9sin/)d* 

0 0 

x 

dt = 12 J(i 2 + 1 + sin 3 t)dt 

o 

Ta thay, hAm so fit) = 12 (t 2 + 1 + sin 3 i) lien tuc vA khong am vdi moi t > 
0, nen theo Dinh li 1, phi/cmg trinh 4x 3 + 12x - 8 - cos 3a: + 9 cos a: = 0 co 
nghiem duy nhat x = 0. 

Vi du 2. Giai phdcmg trinh sin x + cos x + sfax -1=0. 

Giai 

Pat T(x) = sin x + cos x + \[2x - 1. Khi d6 F(0) = 0. Ta c6 

Fix) = J(sin t + cos t + \[21 ~ 1 )'dt = J(cos t - sin t + >/i )dt. 

0 0 

Nhar thay rang, hhm s6' fit) = cos t - sin t + •& lidn tuc vA khong am Vi e R , 
nen thee dinh li 1, phiidng trinh sin x + cos x + \[2x - 1 = 0 c6 nghiem duy 
nh£t x = 0. 

Vi da 3. Chdng minh rang phiidng trinh 

(3 1 In 3 + 2 X In 2 - 5 1 In 5) tan x + 3> + 2 * ~ 5 ' - = 0 

COS X 


- r f2+1 + sm3i-3sini 
i 4 


c6 nghiem thuoc (0 ; 1). 


Giai 


xat hAm s6' fix) = (3* In 3 + 2‘ In 2 - 5‘ In 5) tan x + 3 + ^ ——. 

cos x 

Ta thay, fix) lien tuc tren [0 ; 11 vA c6 mpt nguyAn hAm 1A 
Fix) = (3' + 2‘ -5')tanx. 

Ta C ( F(l) = 0, FiO) = 0, nAn F(l) = Fi 0). 

VAy.theo Dinh li 2, phiidng trinh da cho c6 nghipm trong (0 ; 1). 

Vi da 4. ChOfng minh rkng phiidng trinh 2(x z -x-2)cos2x = (l-2x)sin2x 
c6 it nhit 3 nghipm phAn bi$t trong (-1 ; 2). 

Giai 

Viet jhiicmg trinh da cho dudi dang 2(x 2 - x - 2) cos 2x - (1 - 2x) sin 2x = 0 
Ta tiA'y, hAm so fix) = 2(x 2 - x - 2) cos 2a: - (1 - 2x)sin 2x 1A mc)t hAm 
lien tuc .ren R vA c6 m6t nguyen hAm Fix) = (x 2 - x - 2) sin 2x 
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Ta c6 F(-l) = 0, F(0) = 0, F(2) = 0, F 


n 


— = 0, theo Dinh a 2 thi trong 



• 

f \ 

— ;2 

l 2, 

w 

2 


, phucmg trinh da cho deu c6 it xihat 


mot nghiem. 

Vay phuong trinh da cho c6 it nhat 3 nghiem phSn bi§t trong (-1,2). 

x 3 x 5 

Vi du 5. Chtfng minh bat d&ng thtic sin x < x - — + — —, x > 0 

6 120 

Gi&i 

Ta biet r&ng khi x > 0 thi sinx < x 

xi x 2 x 2 

Suy ra (sin xdx < [xdx o 1 - cosx < — <=> 1-< cos x 

l o J 2 2 

o J l- dx < J cos xdx ct> x -< sin x <=> J \x - — dx < j sin xdx 


2 

2 ..4 


o -— — < 1 - COS X O COS X < 1 - — + — o (cos xdx < [ 
2 24 2 24 J J 


o V 

x 


1 - —+ — 
2 24 


a 


x 3 x 5 

o sin x < x -+- (dpcm) 

6 120 

Vi du 6. Chtfng minh rang vdi x > y > 0, thi 

x 

y 


(x-y)[2-(* + y)]<21n^ (1) 


Giai 


Ta viet lai (1) dudi dang 2(x - y) - ( x 2 - y 2 ) < 2[ln(l + x) - ln(l + y)J. 


Nhan xdt rhng, vdi moi t e R* thi 


> 1 -t. 


1 + t 
*r dt x 


VSy n&n, khi 0 <y <x, tac6 J-— - > |(1 - t)dt hay In |l + 1 


(l\lx 

t - 

2 


1 + x , » x 2 - y 2 


Vay n£n In-> (x - y) - 


l + y 


1 + x 


Tir d6 ta thu difac 2 In-> (x - y)[2 - (x + y)]. 

1 + y 

x 2 x 3 x" 

Vi du 7. Cho x > 0, hay chting minh e x > 1 + x + — + — + ... + — , Vn £ 1. 

Giai 

Quy nap theo n. 

x x 

n = 1. TCr e 1 > 1 vdi / > 0 suy ra j e'dt > hay e x - 1 > x => e x > 1 + x. 

o o 

Gid sd vdi n = k c6: 
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X 2 X* 

c x > 1 + x + —- + ... + — , x > 0 
2 ! k ! 


jo*dx > jl 1 + x + — + ... + — dx vdi t > 0 
o ol *■) 

, , . t* t a /*•' 

2 3! (Jfc + 1)! 

x 2 x*’ 1 

Thav t bdi e x co e* > 1 + x + — + ... +- => dpcm. 

J 2! (* + l)! 

Vi du 8. Tim gid tri ldn nhat cua ham so 

fix) = 2x 6 + 3x 4 + 6x 2 - llx , x e [0 ; 1], 

Giai 

Ta c6 git) = t 5 + t 3 + t hdm lien tuc vd dong bien tren [0 ; 1], 

x 1 

Do d6, Vf e [0 ; 1], ta co J(* 5 + f + t)dt < x J« 5 + t 3 + t)dt , 


, x 6 X 4 X 2 1 1 1 

hay — + — + — < x - + — + — 

•* 4 rv ft a 


6 4 2 


6 4 2 


Soy ra 2x fi + 3x 4 + 6x 2 - llx < 0. 

Vay, gid tri ldn nhat cua ham so: 
y = fix), x e [0 ; 1] bdng 0, khi x = 0 hodc x = 1. 

Vi dii 9. Tim gid tri ldn nhat cua ham so 

fix) = Vix 5 -x[4^2 - 5 ln(l + V2)] - 5V2 ln(l + x), x e [o ;>/2J. 


Giai 


Ta thfiy git) = -t 4 +—— Id hdm lien tuc vd nghich bien tren [o ;Vi], 

t+ 1 ' L J 

nen V/ e j^0 ; v/2^J, thi 


r- X ( ^ V Z 1 

2 f + --- dt > x [ -t* + — 

Jl < + 0 J l 


<:> Vi + ln(l + x) > X - — + ln(l + Vi) 

5 J 5 

<0 -^^ + >/21n(x + l)s--^ + xln(l + N/2) 

5 5 

<> n/2x r - x [4>/£ - 5 ln(l + Vi) j - 5^2 ln(l + x) < 0 . 

Vay, gid tri ldn nhat cua fix) bang 0 khi x = 0, x = Vi . 
Vi du 10. Tim gid tri nho nhat cua hdm so 

fix) = (x 2 - 1) ln(l + x) - x 2 ^ + In 2 + x, x > 0. 
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Gi&i 


X6t hai ham sd' sau git) = t 6 vk hit) = e'*. Ta th&'y git ) va hit) la nhufng 
ham li£n tuc, khong am vk d6ng bien V< > 0. 

1 a2 * 

Ta c6 x 2 In 2 5 [- dt + 2 jt ln(l + t)dt. 

r, 1 + t r. 


1 ±2 

Ti/ c6c ding thdc J- —-dt = 


J t ln(l + t)dt = — 


- t + ln(l + t) 

2 


f 


= ln2--i 
o 2 


t 2 ln(l + t)- — + t- ln(l + 1) 


x 2 ln(l + x) - — + x - ln(l + x) 


1 x 2 

ta thu duoc x 2 In 2 < In 2 - - + x 2 ln(l + x)-+ x - ln(l + x) 

2 2 


hay (x 2 -l)ln(l + x)-x ; 


1 1 

— + ln2 + x Z — In 2. 
2 2 


Vfiy, gia tri nh6 nhit cua fix) bang ^ - In 2 khi x = 1. 

Vi du 11. Tim gia tri nh6 nhit cua ham so' 

fix) = (3 + 2 In 2)x - 2 1 * 1 - In 2.x 2 , x e [0 ; 2]. 

Giai 

Ta c6 g(t) = -2 ( - t la ham s6' lien tuc va nghich bien trong [0 ; 2], nen 
V/ e [0 ; 2] thl 

x 2 x 2 

-2 J(2' + t)dt Z -x}(2‘ + t)dt o 2 J(2‘ + t)dt < x J(2‘ + t)dt 


« 2 
2 


ln2 + 2 


*♦1 


< X 


f *__x 

In 2 + 2 


+ x 2 - —+ 2x - 


In 2 In 2 In 2 In 2 
o 2 1 * 1 + x 2 In 2 - 2 ^ 4x + 2x In 2 - x 
o (3 + 2 In 2)x - 2 1 * 1 - In 2.x 2 £ -2 
V$y, gia tri nho nha't cua fix) bang -2 khi x = 0, x = 2. 

DANG 2. TOAN TIM GI(3l HAN CUA DAY S6 

Vi du 1. Cho S. = -J— + —— +... + — . Tinh lim S ? 


Xat ham so: fix) = 


n + 1 n + 2 n + n 

Giai 

1 


n-»*x 


X + 1 


xac dinh trSn [0 ; 1]. 


146 



Chia doan [0 ; 1] bdi chc diem: x 0 = 0, x, = — ,..., = — ,..., x„ = 1 


1 , 1 

=> Ax, = Xi - X, . 1 = - => fix,) = - - 

n i + l 

n 


^ ,, , 4 V' 1 1 V' 1 1 1 1 

=> y fix >Ax = y — — = y — = —+— +... + — 

‘ 1 “i n i + ^ jTi i + n n +1 n + 2 n + n 

u 

n • 1 1 

=> lim S = lim Y f(x.)Ax = f-dx = In x + 1 = ln2. 

' ‘ qX + 1 o 

if-- 

Vi du 2. Tinh: lim— e n + e n + ... + e" . 

"-** n 

Giai 

X6t hhm so: /lx) = e* x4c dinh tren [0 ; 1]. 

Chia doan [0 ; 1] bdi c&c diem: 

n 1 * -1 i , 

Xo — 0, X/ = ,x, _ 1 = , X,' = , x n — 1 

n n n 

1 i 

—> Ax, = Xi - x, _ i = — => f{x,) = e" 

n 

n « 1 i 1 i £ 2' 

=> ^ /(x-l-Ax. = — .e" = — e n +e“ + ... + e n 

i = i ‘ i = i n n , 


=> lim i c" + e" +.+ e" I = lim Y /(x,).Ax. = fe'dx = e x = e - 1 

•< »-* # 1 —*x 1 1 J 


n 


1 2 


n-4x ( *™, 
i = 1 


Vi d V 3. Tinh lim S , bitft: S = —+... + _ 

—« " " 1-4 n 2 4 - 4n 2 n 2 -An 2 

Ciiai 

Ta c6: S_ = - — +--—r +... ■*— x —■—r 


1-4 n 4-4 n' 


n 2 - 4 n 2 


11 11 
- +- + ... + —- .— 


2 --. 4 ±- 4 

n 2 n 2 


n . n 


s. = I 


i i 


«- 1 i 


- -4 


X6t h&m so fix) = — 5 - liSn tuc trSn [0 ; 1]. 

x -4 
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Phan hoach d4u doan [0 ; 1] th&nh n doan nho boi cdc diem: 

X 0 = 0 < X\ < *2 < < x,- - 1 < X, < ... < x n = 1 

Ta c6: x, - x,- _ i = — vdi x, = — 

n n 


Tren [x, _ i ; x,] chon diem £ = x = — , ta c6: fix ) = 

n 


'i 


< ri ; 


-4 


Lap t6ng ti'ch phdn: S n = £ /X£)(x. -x f l ) = J 


/ = 1 


i » t 


^ 




n 


-4 


Vay: lim S„ = f dx 

n-*** J 


x 2 -4 4 


Vi du 4. Tinh lim S , biet: 


In 


x - 2 


S = 


n-**« 

l 2 2 2 
+ 


2 3 + n 3 4 3 + n : 


+ ... + 


x + 2 




1, 1 
= ~ In - . 
4 3 


12k) 3 + n 3 

Giai 


+ ... + 


n 


(2n) + n' 


V T 

Ta c6: S = —~ - 

n 2‘ + n J 4 3 + n 3 


+ ... + 


n 


(2 nf + n‘ 


» S 



i . 1 


\ n J 


X6t h£m s6' fix) = 


8x 3 +1 


lien tuc tren doan [0 ; 1]. 


PhSn hoach d4u doan [0 ; 1] th£nh n doan nh6 bdi cdc di4m: 

X 0 = 0 < Xi < X 2 < ... < X; - 1 < X, < ... < X„ = 1 

X i 

Ta c6: x* - x, _ i = — vdi x, = — 

n n 
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• 


Tren [x,. i ; x,'| chon diem c = x. = — , ta c6: fix.) = - - 

n / ■ v ‘ 

8 




'if 


Lap tong tich ph4n: S H = £ /*(£)(* - = £ —— 


Vay: limS = f - = —Tin 
8x 3 + 1 24- 

Vi du 5. Vdi moi n e N ! 


8x 3 + 1 


8 

In 3 
12 


v«. 


n 


+ 1 


dat S = - 


n 


1 1 
-+ - 


+ ... + 


1 


. . n . . 2it , . kn 

1 + sin — 1 + sin — 1 + sin -— 

2 n 2 n 2 n / 


Tim limS. . 


(Dai hoc Quoc gia Ha NQi - 1995, khoi B) 


Giai 


TatS: S, = 


n 2 n *. I, . , n 

1 + sin k 


2 n 

T6’ng nay la tong tich phan cua I: 


/= -J 

rr J 


dx 


n J1 + sin x 


n i 


^ d 


- x 


2d 


0 1 + cos 


f \ 

n 

- x 

2 


;r 


4 ” 2 


1 + cos 2 


^/r _ x N 
v4 _ 2. 


2 d| — - — 
a _ 2 2 r U 2 

71 ' 


0 cos 2 


_ X 

4 2 


= —tan 
n 


r \ 

n x 

4 2 


5 = _2 
o n 


tan 0 - tan — 
4 


VAy: limS = / = - 

/r 


n -*i 


DANG 3. CAC BAl TOAN t6 HOP 


1 

Vi du 1. a) Tinh tich phfin Jx(l - x)' 9 dx . 

0 
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b) Rut gon tdng: S = i C» -1CJ, + J C » " ' + ^ C '" ‘ ji C '“ • 


(DH Nong nghi^p I Ha N<?i - 1999) 

Giai 


1 

a) Tinh Jx(l - x)' 9 dx 


Bat: t = 1 - x =» -dt = dx => x = 1 - f 

r* = o ri.i 

Doi cfin: o 

x = 1 f = 0 


vay7- j*a-*)»dr = Jd-«”«>- J«”-'sll “ 5 

o l o L J 

b) Theo nhi thtic Newton ta c6: 
x(l - x) 19 = x(C? a - CL* + C? 0 x 2 -... + C‘V 8 - C'V 9 ) 


= Ci* - C'x 2 + cy -... + O 19 - C”x 2 ° 


)*-*»•* - [^.T- c »¥ + "- c '»3 ■ So 


Vi du 2. Cho n la mpt so nguyen dtfcmg 

1 

a) Tinh tich phfin / = J(1 + x) B dx. 

0 

b) Tinh tong sS s = c; + |c; + |c„> + 

(DH Sir pham TPHCM, khoi D, E 
Gi^i 

a) Ta c6: / = [(1 + xfdx = ( ** = -— (D 

’ n +1 o n +1 

b) Ta c6: (1 + x) n = C„° + C> + C„V + ... + C n x n 


- 2000 ) 


:/= f(l + x)"dx = 

„ J 71 + 1 


n n 
1 


Vay 1= J(l + x)"dx = J(C 9 +C^x+ C^x 2 +.+C> n )dx 


„2 „3 „«♦! "I 1 

= C°x + C' ^- + C 2 ^- +... + C" ——- 
" "2 "3 " Ti + lJ o 

= c° + -c 1 +Ic 2 + ... + ^-c; (2) 

" 2 n 3 " 7i + l " 


Tif(l) va (2) ta c6:S = 


2"* 1 -1 
71 + 1 


1 

Vi du 3. a) Tinh tich ph&n: / = }x(l -x 2 ) n dx,ne V . 
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b; ChOTng minh rang: - C° - — C 1 + — C 2 - - C 3 + ... + — ^ - C" = — 

° 2 " 4" 6" 8" 2n + 2 " 2(n +1) 

(DH Bdch khoa HN - 1997) 

Giai 


u 


/I • 1 


1 


n + 1 


a; P£t « = l- x z =>duB -2xdx 
Khi jc = 0 => w = 1 ; x = 1 => w = 0 

1 i o i 

Ta r6 :1 = [x(l - x 2 ) n dx =-- f u"du = -- 
o 2 1 2 

b; Ta c6: x(l-x 2 )" = x(C°l - C'x 2 + C 2 x' - C 3 x° + ... + (-l) n C n x 2n ) 

n n n n n 

= c°x - c'x 3 + cv - cv +... + (-ire"* 2 "*' 

n it /t n n 

Lay tich phSn 2 ve tren doan [0 ; 1], ta c6: 


2 (n + 1) 2n + 2 


jxC-x 2 ) n dx = C° n ~ 

1 


0 

Vay 


o ° 4 


1 r G 

+ c 2 — 

o " 6 


r 8 

c 3 — 

* 8 


1 2<i*2 

+ ... + <-l)"C"-^— 

o " 2n + 2 


- i c° - i C 1 + - C 2 - - C 3 + + ^ ^ C" 
2n + 2 2 " 4 " 6 " 8 " 2n + 2 " 


Vi du 4. Chtfng minh rang: 

2c°--c‘2 2 +-C 2 2 3 - + (-ir —c"2"* 1 = —^—fi + c-ir 1 

- 2 " 3 " n+1 " n + U J 

Giai 


(1 - x) n ^_ 2 
0 


(- 1 ) 


n +1 n + 1 


•X$t /= f(l-*)"dx = - 

0 » + 1 

= -i-fl + i-l)"] (1) 

n + 1 L J 

2 2 

• Lai x6t / = j(l-x) n dx = J[<* -Cjx + C.V -... + (-l) n CX]<ix 


= -J—Ti-i-ir 1 

n + 1 L 


C°x - - C’x 2 + - C 2 x 3 - ... + (-ir — C n x n l 
2 " 3 0 n + 1 n 

= 2C° C'2 2 + — C 2 2 3 -... + (-1)" -1— C"2"' 1 

n 2 0 3 ■ n+1 " 


( 2 ) 


TCr (l) vh (2) ta duoe: 

2C® - i C' 2 2 + — C 2 2 3 -... + (-1)" —-— C" 2"* 1 = -i_ri + (-i)"l 

" 2 " 3 n n+1 n+lL J 

Chu y. VI cdc s6' hang c6 dang C*2*”‘ n§n cSn tren cua tich ph£n ta 
chon la hai (thdng thi/dng cfin di/di cua tich phSn la 0). 

C. TO As TI/ LUYfiN 

Bai 1. fho a S 1, 6 Si. Chting minh rang ab < e a X + 6 In 6. 


Bai 2. "im gid tri nh6 nhdt cua bieu thtic A = e b + 6(ln 6 -1), 1 < b < e. 
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I 5 + 2 5 + 3 s + ... + n" 


Bai 3. Vdi moi so nguyen doong n, dat: S = 


Tinh 


lim S . 

n -» ♦ x n 


Bai 4. Cho n 14 s6' tp nhidn ldn hem 2. 

i 

1. Ti'nh tich ph4n I n = Jx 2 (l + x 3 ) n dx. 


2. Chdng minh rang: ic°+ic‘ + -C 2 + ... + —— C n = —— 

3 " 6 " 9 " 3n + 3 " 3(n +1) 

(DH Mo Ha No i - 1999) 

D. DAP SO VA Hl/CfNG DAN GlAl 

Bai l.Xdt h4m so y = lnx vdi x > 1. Ta cd x = e y . 

Goi S] 14 dien tich hinh gidi han beri c4c dodng y = 0, x = 0, y = a - 1, 
x = e* v4 goi S 2 14 dien tich hinh gidi han bdi c4c dodng y = 0, x = b, y = 
lnx. Khi dd, ta thSfy b(a - 1) chinh 14 dien tich hinh chd nhat gidi han bdi 
c4c dddng x = 0, y = 0, x = b, y = a - 1. 

Vay nen (trong c4 hai trddng hop ln& > (a - 1) v4 ln6 < (a - 1)) 

S, + S 2 >d(a-1) (1) 


a- i 

Ta cd S, = | e y dy = e 


= e aA -1 


v4 S 2 = Jlnxdx = (xlnx - x) =b In 6-6 + 1 

i 1 

Thay Si v4 S 2 v4o (1), ta nhan dope e a ~' + b In 6 - 6 > b(a - 1) 
hay e a ' + b In b > ab 

Bai 2. Bat \ = a, thi ab = e v4 a > 1. H4m so fix) = e x lien tuc, klong 4m 
b 

v4 don dipu tang tren (0 ; +oo) cd f[ 0) = 1 v4 c6 h4m ngtfpc bangy = lnx, 
nen ta c6 

a b a b 

f e’dx + fin xdx > ab o e x + (x In x - x) £ ab o e a - 1 + b In b - b + 1 > a 
oi o > 

o e“ + 6(ln b-l)> ab = e. 

DS'u dang thde x4y ra khi b = /la) hay b = e a , tuf d6, ta cd a = 1, b= e. 

V&y, gi4 tri nhd nhat cua bieu thde A bang e, khi a = 1, b = e. 

Bai 3. Xdt h4m sd': fix) = x 5 x4c dinh trdn [0 ; 1] 

Chia doan [0 ; 1] bdi c4c diem: x 0 = 0, Xi = —,..., x, = x„ = 1 

n n 

1 f i't 

=> Ax, =x -x M = -=*/•(*) = ± 

n n 
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V A:r,)Ar. = i- 

i = 1 » = 1 ,l 


' i Y l 5 + 2 s + 3 5 + ... + /i 5 


n 


/i 


=> hmS = lim V f(x)Ax = \xdx - — 

1 * 1 o . 

Bai 4. Pat: k = 1 + x 3 => d« = 3 x 2 dx => = x 2 c(x 

3 


Poi cfin: 


x = 0 
x = 1 


<=> < 


u = 1 
u = 2 


, 1 \ 1 

I = - \u du =- 

" 3 3;i + l 


2"' 1 -1 
/i + l 


2 '“* -1 
3(/i + 1) 


( 1 ) 


Mat khac ta c6: (1 + x 3 )" = C° + CV + CV + ... + CV 

n n n n 

Suy ra: x 2 (l + x 3 )" = CV + C‘x 5 + C 2 x 8 + ... + CV 3 "' 2 

v n n n n 


:=> 


\x 2 (l + x z ) n dx = c° n 


~3 


r 6 

>-ti x 


. 3 / 1+3 


+... + C" —- 

0 " 3/i + 3 


= -C° + -C‘ + -c 2 + ...+ 1 


3 n g « g '* 

So sdnh (1), (2) 

1 1 1 O n * 1 - 1 

Ta cd: -C° + -C 1 +... + —?—C n = -- - 

3 " 6 " 3/i + 3 n 3(/i +1) 


C n 

3/i + 3 n 


( 2 ) 


TOAN Tl/ LUAN ON TAP CHl/CfNG III 

• • • 

A. Kl£'N THtTC CCf BAN 

• Lfng dung ti'ch phSn de tlnh dien tich hinh phdng. 

• l/ng dung ti'ch phdn de tfnh tht/ tich vat th<?. 

• l/ng dung tich ph&n giai todn dai so, giai ti'ch vk to hop. 


B. bAi TAP 

Bai 1. Trong mat ph&ng vdi he toa do trpc chuan Oxy, D la mien gidi han bdi 

x 2 27 

ckc dOPng c6 phuong trinh: y = x 2 ; y = — ; y = —. Tinh dien tich cua D. 

27 x 

(Dai hoc M6 - Bia chat Ha Npi - 1998) 
Giai 

Goi d6 thi (Pi): y = x 2 ; (P 2 ): y = ^- va (H): — 

27 x 


Ta tim dope toa do giao diem cua ede difdng cong: 

2 

# (Pj) o (P 2 ) o x 2 = — o 27x 2 = x 2 o 26x 2 = 0 => < 

27 


x = 0 

y = o 


CX0;0) 
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• (Pi) n (H) o x 2 = — « x 3 = 27 => 

a: 


x = 3 
> = 9 


• (P 2 ) r> (H) o ^ ^ o x 3 = 27 2 = 3 6 

x - 9 

=> =>B(9 ;3) 

y = 3 

Goi S la dien tfch cua miln gidi 's^ 
han D . ‘ 

Ta cd: Vx e [0 ; 3J: y {P>) > y ( , f) 

r 2 

« x 2 > — 

27 

27 r 2 

Vx e [3 ; 9]: y (H) > y (Pj) « — > — 


=> A(3 ; 9) 


>4 <#) 



Do dd: S = He 2 - — dx + f — dx = [—-—1 3 +[27ln|xl-4 


x 27 


3 3 4 


3 3 3 3 


= 9-- + 54ln3-9-27In3 + - = 271n3 

L 3J L 3J 

vay S = 271n3 (dvdt). 

Bai 2. Cho hinh thang cong gidri han bcfi cdc dddng y = 0, x = a (a > 0), 
y = x 3 . N6u c4t hinh thang cong bcri tigp tuyen vdi diidng cong y = x 3 ve 

tai di£m x = ^ ta dope mgt tam gidc. Hdi r&ng khi d6 ty stf dign tfch 

O 

gitfa hinh thang cong vd tam gidc b4ng bao nhi§u ? 

Giai 

a 4 a n * 

Dl thdy difn tfch hinh thang cong la f(x 3 - 0)dx = — = —. 

i 4 o 4 


Bfiy gift ta lap phiicmg trinh tiep tuyg'n vdi 


di/dng cong y = x 3 tai x = —. 


y. - x 


Ta cd y’ = 3x : 


2a | (2a 


2a ^ 8a 3 


'■nTJl-tnTj-T-l-frr 

D6 Id phiftmg trinh tid'p tuyg'n tai a(^ ;^-j. 


b y 3 c 


Gia sd ti@p tuy£n cdt dudng thdng x = a tai D vd cdt Ox tai B. Ta c4n 
tim toa dg cua hai dilm d6. 
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De thfi'y x n = a, suy ra y u = 


4a 


2a ^ 


a - 


8a^ 

27 


20a : 

27 


y« = 0 = 


4a : 


2a ^ 8a 3 


* " -7T + - su y ra x n = 


4a 


27 


Dan den D a ; 


20a : 
27 


, B 


4 a 


0 


, C(a ; 0). 


Den d&y ta tim do dbi doan thing CD \k BC. Ta c6: 

20a 3 


DC = 


20a- 

27 


27 


BC = 


4 a 


a - 


5 a 
¥ 


S ac „=iDC.BC=I.^.^ = ^l 
flCW 2 2 27 9 243 

, 7A S. a 4 50a 4 243 

J S_„ 4 243 200 


BCD 


Bai 3. Ve (C): y = fix) = 


x 2 - 2x 
x-1 


. Tinh dien tich S cua hinh phing gidi 


han bdi (C), dudng tiem dan xien cua (C) vk hai di/dng thing x = a vk 
x = 2a vdi a > 1. 

Giai 

x 2 -2x 


Vi (C): y = f(x) = 


: 2 - 2x 


x -1 


= x - 1 - 


1 


Ta cd: y = - 

x-1 x-1 

(C) c6 dtidng ti§m dan ddng lb 


y = 


x 2 - 2x + 2 


> 0 (Vx * 1) 


(x -1 y 

Suy ra hbm so luon dong bii'n. 

S chlnh lb dien tich phin gach soc 
d hinh vb bin. 

Do d 'd phfa tren (C) khi x e [a ; 2a]. 



2 a 2a 

s= \W)-y«\ dx= \ 


(x -1) - 


x-1- 


i ' 


= In 2a - 1 - In a - l| = In 


2a-1 


a -1 


x-1 
(dvdt) 




dx = f — = In lx - 1 
f x - 1 1 


2a 


Bai 4. Tinh the tich vit trbn xoay difac tao nen do ta quay mi4n D dtfoc 
gidi han bdi cbc difdng: y = lnx, y = 0 vb x = 2 quay quanh true Ox. 
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Giai 

The tich vSt trbn xoay do mien D quay quanh 
2 

true Ox la: V = n J(lnx) 2 dx 

1 

Bat u = (lnx) 2 => du = 21nx^— dx 
dv = dx => v = x 
V= 7T 


y‘ 

l 

i 


0 

2 e 



12 2 


2 2 

uv 

- f vdu 
!» i 

= n.x.ln 2 x 

- 2nynxdx = n(2 In 2 2) - 2^(xln x - x) 


= 2n In 2 2 -2/r(2In2 - 2 + 1) = 2*[ln 2 2-(21n2 - 1)] 

=> V = 2;r(ln 2 - l) 2 (dvtt) 

Bai 5. Tlnh thd tich cua khoi trbn xoay tao nen bdi hinh trbn x 2 + (y - b ) 2 < a 2 
(0 < a £ b) quay quanh true Ox. 

(PhSn vien Bdo chi vh Tuyen truyen Ha Noi - 1995) 

Giai 

Goi di/bng trbn (C) c6 tSm 7(0 ; 6) va ban klnh R = a. 

(C,): y = b + yja 2 -x 2 


Ta cb phtfong trinh (C): x + (y - b) = a o 


(C,):v = b-4^~- 


Goi: • Vi la the tich sinh ra boi hinh thang cong A’AFBB’ quay quanh true Ox 

• V 2 Ik th(? tich sinh ra bdi hinh thang cong A'AEBB' quay quanh true Ox 

• V la la the tich sinh ra bdi hinh trbn (C) quay quanh true Ox 
Ta c6: V=V X -V 2 

V = n J^6 + Va 2 - x 2 J dx - n j\b - Va 2 - x 2 dx 


= n J 4 b-Ja 2 - x 2 dx = 4bn J 4a 2 - x 2 dx 


a __ 

Bdi bien so tich ph£n A = J Va 2 - x 2 dx 


-a 
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= a 2 f cos 2 tdt (Do cost > 0 vdi V/ e — 
3 2 2 


K 
2 
t 

,2 2 


= — f (1 + cos 2 t)dt = 
9 j 


* + 


sin 2/ 


2 - 
* 

2 


7T 


a 


Vdy: V = 4 bn. — n - 2/r 2 a 2 6 . 

2 

Bai 6. Trong mat ph&ng toa do Oxy cho parabol (P): y 2 = 4 - x. Tinh the 
tich cua v£t thgi tao n£n do sif quay quanh true Oy cua hinh ph&ng di/qc 
gidi han bdi parabol (P) va true tung. 

Giai 

(P): y 2 = 4- x<=>x = 4-y 2 = fix) 

Phi/cmg trinh tung do giao diem cua (P) va Oy: 

4-y 2 = 0«y = ±2 

Hinh tr6n xoay sinh ra khi cho quay quanh Oy^lynh thang cong gidi han 
y =-2 

y = 2 

x = 0 

x = f(x) = 4 - y 2 


bdi cac di/dng: 



Ta di/oc: 

V = ;r J(4 - y 2 ) 2 dy = 2;rJ(4 - y 2 ) 2 dy = 2^|(16y-8y 2 + y*)dy 


= 2 n 


32 - — + — 

3 5 ) 


512 

15 


-2 

= 2 „( i 63 ,_| /+ i / 

kio 

VSy V = — n (dvtt). 

15 

C. TOAN Tl/ LUYfiN 

Bai 1. Tinh di$n tich hinh phling gidi han bdi ede di/dng cong ax = y 2 ; ay = x‘ 


(a > 0 cho tri/dc). 


(Cao d&ng Si/ pham TP.HCM - 1996) 

y = x 2 - 3x + 2 


Bai 2. Tim di$n tich hinh ph&ng gidi han bdi ede di/dng: 


y = x -1 
x = 0 
x = 2 

Bai 3. Tinh th£ tich cua hinh trdn xoay sinh ra khi cho quay quanh Ox 

y 2 = (x -1) 3 


hinh ph&ng gidi han bdi ede di/dng: 


x = 2 
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Bai 4. Tinh thl tich vfit th£ tao nen khi quay xung quanh true Ox hinh 
thang cong dtfoc gidfi han bdi c£c dtfdng y = x 2 -4x + 5vay = x + 1. 


D. DAP S<5 VA HI/0NG DAN GlAl 

Bai 1. Goi dd thi (Pi): ax = y 2 vk (P 2 ): ay = x 2 

Doa>0=>x>0,y>0 nen (Pi) va (P 2 ) chi cat nhau a g6c phan tu thtf 
nha't cua mat ph&ng ( Oxy). Toa dp giao diem cua (Pi) va (P 2 ) la: 



Goi S la di§n tich c4n tim, ta c6: Vx e (0 ; a]: y {P) S y (Pj) 



Bii 2. Ta c6: S = J|(x 2 - 3x + 2) - (x - 1)| dx 

o 

Ta lSp b^ng x6t da'u: 

fix) - g(x) = (x 2 - 3x + 2) - (x -1) = x 2 - 4x + 3 


Suy ra: 

1 2 

S = J[(x 2 -3x + 2)-(x-l)]dx + {[(x-l)-(x 2 - 3x + 2) Jdx 

0 1 

1 2 

= J(x 2 - 4x + 3)dx + j(-x 2 + 4x - 3 )dx 

0 1 

( 2 i 3 \| 2 

3 Jo 3 J|, 

= [I_2 + 3| + |-- + 8-6|-p + 2-3| = - -- + 1 = 2 (dvdt) 
\3 J l 3 J i8 J 3 3 3 

2 2 

Bai 3. V = n \y 2 dx = n J(x - l) 3 dx 

v =?r <^ 2 = * 

4 , 4 








Vfiy V = — (dvtt). 
4 


Bai 4. Ta tim toa dQ giao diem cua di/dng thang va difdng cong. Mud'n vdy 


ta giai h£ phucmg trinh: 


y = x 2 - 4x + 5 
y = x + 1 


I)e thtfy A(1 ; 2), £(4 ; 5). 

Tif hi nh ve ta c6 V = Vi - V 2 , d day V la th£ tich vSt th£ cdn tim, c6n V u 
V 2 la the tich vSt the tao nen khi quay xung quanh true Ox hinh thang 
ABCD v><* hinh thang cong ABCD. Bdi vay ta c6: 



CAU HOI TRAC NGHIEM ON TAP CHtfCfNG III 

A. cAu h6i TRAC NGHlfiM 

1. Di&n tich hinh phang gidi han bcfi parabol y = -2x 2 + x + 3 va true hodnh b&ng: 

125 _ 125 


<A)S “f ■■ 


(B) S = 


125 

34 


(C , S= ^ ; ©>s = 14 


A** 

2. Dipn tic:h hinh ph&ng gidi han bdi ede di/dng y = lnx;y = 0;x = e b&ng: 

__ . __ e 


(A) S = 1 ; 


(B) S = 2 


(C) S = e ; 




dJ 

3. Dipn tich hinh phlhg gidi han bdi ede dudngy = sinx, y = 0, x = 0, x = n bang: 

(A) 1 ; (B) 2 ; (0 3; (D) 4. 

4. Di$n tich hinh ph&ng gidi han bdi difdng cong y = x 2 - x va true hoanh, 
va hai (difdng th&ng x = 0, x = 2 bang: 

(A) 3 ; (B) 2 ; 

(C) 1 ; (D) K£t qud khde. 

5. Bi&t di$m tich hinh phdng gidi han bdi ede difdng y = x I x | ;y = 0;x = -2; 

x = a> Old S= — (dvdt). Gid tri a Id: 

3 


(A) a = 1 ; 


(B) a = 2 


(C> a = 2 ’ 


(D) a = 3. 
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6. Goi D Id hinh phdng gidi han bdi hai dudng y = x 2 - a vd y = -x 2 + a 

(a > 0). Bieft didn tich cua D la S = — (dvdt). Gid tri a Id 

3 


(A) a = ~ ; (B) a = & ; 

3 


(C) a = 3^3 ; (D) a = 2v/§. 


7. So do dien tich cua hinh phdng gidi han bdi hai dudng y = x 2 - .x vd 
y = 3x bang: 


<A,f. 


,B>| ; 




(D) 32. 


8. So do didn tich cua hinh phdng gidi han bdi hai dudng y = x 3 - x va 
y = 3x bang: 

(A) 4 ; (B) 8 ; (C) 16 ; (D) 32. 

9. Dien tich hinh phdng gidi han bdi dudng cong y = x 3 - x l vd dudng thdng 
y = 4.x - 4 bang: 


(A) S = 


(B)S = 


(C )S = 




10. Biet mpt nguyen hkm cua x\nx la —(21nx-l). Dien tich hinh phang 

4 

gitfi han bdi c&c difdng x = 1 \ x = e ; y = 0 vk y = xlnx bang: 

C* + 1 6^ + 1 

* a \ via < \ n v , v /s v 1 4 


(A) S = ; 

4 


(B) S = 


e 2 e 2 + 1 

(C) S = 1- ; (D) S = 

z z 


11. Cho difdng cong (C): y = vsin 6 x + cos 6 x . Goi D \k hinh ph&ng gidi han 

bdi (C), hai true toa d<? vd difdng thdng x = —. Thl tich vdt th(? sinh ra 

2 

khi cho D quay xung quanh Ox b&ng: 


(A) V = —; (B) V = ~ ; (C)V=-^-; <D)V=~. 

16 16 lo lo 

12. Cho dudng cong (C): y = \fx . D la hinh ph&ng tao bdi true Oy vd difdng 
th&ng y = m (m > 0). Cho D quay xung quanh Oy ta dude mdt v dt the 


(B) V = 


trdn xoay c6 th£ tich V = - (dvtt). Gid tri m bkng: 

5 


(A) m = 1 ; 


(B) m = 2 ; 


(C) m = 3 ; 


(D) m = 4. 


13. Cho hinh ph&ng ( H ) gidi han bdi ede dudng y = — , y = 2, y = 4, x = 0. 

2 

The tich kho'i trdn xoay dUdc tao thdnh khi quay ( H) quanh Oy bang: 

(A) 12*; (B) 10*; (0 8*; (D) 6*. 

14. Cho hinh phdng ( H) gidi han bdi ede dudng y = lnx, y = 0, x = 1, x = e. 
Th(? tich cua khd'i trdn xoay duac tao thdnh khi quay (H) quanh Oy bang: 

(A) »8 2 ; (B) ; 

z 

(C) 4*e 2 ; (D) Ket qua khde. 
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2 X + j 

15. Goi H la hinh ph&ng gidi han bdi cdc difdng y = 0 ; y = - ; x = 0. 

x +1 

Cho H quay xung quanh Ox. The ti'ch v£t the tao thdnh bang: 

(A) V= n( 4 - 31n2) ; (B) V = n(4 + 31n2) ; 

(0) V = rtS - 41n2) ; (D) V = tK 3 + 41n2). 

16. L Id hinh phang gidi han bdi dudng cong y = 1 - x 3 vd hai true toa dp. 
The ti'ch vat the sinh ra khi cho D quay xung quanh true tung bang: 


<A) V= ~ ; 

5 


(B) V = 


(C) V - k \ (D) V = . 

5 


17. Cho hinh ph&ng (H) gidi han bdi c£c dirimg y = cosx, y = 0, x = 0, x = —. 

4 

The tich cua kho'i trbn xoay ditoc tao th&nh khi quay (H) quanh Ox bang: 
(A, £ ; (B) ; 

(C) —— ; (D) Ket qua khde. 

4 

18. Cho hinh phang (H) gidi han boi hai difdng y = 0, y = x - x 2 . The tich 
cua khoi trdn xoay diTpc tao thanh khi quay (//) quanh Ox b&ng: 

/ < v /»>, n //-»» n mv 


,A, i5 ; <B> li ; <c> 13 ; <D) f' 

19. Goi D la hinh phang gidi han bdi cdc difdng: x = 0 ; y = e va y = e x . 

(Biet mdt nguyen ham cua ln 2 x la xln 2 * - 2x(lnx - 1)). Th£ tich vdt thl 

sinh ra khi cho D quay xung quanh true tung bang: 

(A) V = Me + 2) ; (B) V = Me - 2); 

(C) V = Me + 1); (D) V = Me - 1). 

20. Goi D la hinh ph&ng gidi han bdi ede difdng: y = x 3 ; y = 1 ; x = 0. The 
tich cua vat thl sinh ra khi cho D quay xung quanh true tung bang: 

... /n. «v 4?T /y^v .. 3ff tt 2 71 


(A) V = n ; 

b. dAp An 


(B) V = H ; 
5 


(C) v = 


(D)V=%. 

5 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

(C) 

(A) 

(B) 

(C) 

(B) 

(A) 

(A) 

(B) 

(D) 

(B) 


CSu 


11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

(D) 

(B) 

(A) 

(B) 

(C) 

(A) 

(B) 

(A) 

(B) 

(D) 


c. hi/0ng dan chqn dAp An 

3 

1. Parabol y = -2x 2 + x + 3 cat Ox tai x = -1 vd x = - 

2 

3 3 

2 ,, 2 , 

Ta c6 S = J|—2jc a + x + 3 dx = j (-2x 2 + x + 3 )dx 


1 - — 


y = \tvc 
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(vi -2x 2 + x + 3 > 0 khi x e 


HI 


Vay S = -- x 3 + — + 3x * = ^ (dvdt). Chon (C). 

3 2-i 24 

2. Bifdng congy = lux c&t Ox tai x = 1 v& lax ^ 0 khi x e [1 ; e] 


Vay S = jlnxdx 


. dx 

u = lnx => u = — 
x 

dv = dx => v = x 
V dx 


S = xIn* - fx.— = e - (e - 1) = 1 (dvdt). Chon (A), 
i } x 

3. Tif gid thi§'t ta c6: 

x 

* 2 * * x 

S = J|sin x| <ix = Jsinxdx- Jsinxdx = - cosx 2 + cos a: t =2. Chon (B). 


4. Phtftfng trinh ho&nh d6 giao dilm cua d6 thi 
h&m sti y = x 2 - x vh true ho&nh: x 2 - x = 0 
co (x = 0 hoSc x = 1) 

Ta c6: 

2 t 1 

S = J|x 2 - x dx = - J(x 2 - x)dx + J(x 2 - x)dx 


x x • x' x- * , 

= --+-=1. Chon (C). 

3 2 o 3 2, 


2 M J / v-3 —2^12 


5. S = Jx 2 dx + Jx 2 dx 


x 3 0 x 3 a 
3-2 3 o 

= ® = 16 
" 3 + 3 " 3 
o a = 2: Chon (B). 

6. Do tmh dSi xdng cua hinh v6 ta c6: 

fa 3\\Ji 

S = 4 j (a - x 2 )dx = 4 ax - 


1 1 2 



^x 2 - 


'y = x - x 


r a\fa 8aV3 

ava-— = —— 

3 3 


.. 8a>/3 8 ^3 nu ... 

V&y ——- = - o a = —. Chon (A). 

u O O 



= a - x 2 


7. Phiicmg trinh ho&nh d$ giao dilm cua dS thi hai h&m stf y = x 2 - x v& y = 3x 
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x 2 - x = 3x <=> X 2 - 4x = 0 o (x = 0 hoSc a: = 4) 

Ta c6: S = J|(x 2 - x) - 3x dx = Jjx 2 - Ax dx = J(4x - x*)dx 


- *•-£ * 


= ^ 3 i = T 0h?n <A) - 

8. Phuong trinh ho&nh do giao diem cua do thj hai h&m so y = x 3 - x vh 
y = 3x: 

x 3 - x = 3x <r> x(x" - 4) = 0 <=> (x = 0 hoSc x = 2 hoSc x = -2) 

Do d6 dien tich cua hinh phSng 1&: 

2 2 0 2 

S= |j(x n - x) - 3x|rfx = J|x 3 - 4x|dx = J|x 3 - 4x|dx + J|x 3 - 4x|dx 

2 -2 2 0 

°r rx 4 i ° Tx 1 i 2 

S = j(x 3 - 4x)dx + f(x 3 - 4x)dx = — - 2x 2 + — - 2x 2 =8. 


Chon (B). 

9. • PhiftJng trinh ho£nh do giao diem cua hai do thi 1&: 

3 2 • - ">■ .. .. .. « Tx=l 


x J - x‘ = 4x - 4 o x‘(x - 1) - 4(x - 1) = 0 » 

[x=±2 

i i 

• S= J |(x 3 - x 2 ) - (4x - 4)| dx = J(x 3 -x 2 -4x + 4 )dx 


X 

1 

8 


-2 

1 

2 

+00 

x 3 - x 2 - 4x + 4 

— 

0 

+ 0 

0 

•i 


i c 

VAy S = J(x 3 - x 2 - 4x + 4)rfx + J(-x 3 + x 2 + 4x - 4)dx 


x 4 x 3 


f(x 3 - x 2 - 4x + 4)dx = — - — - 2x 2 + 4x = — 
J 4 3 A 


2 _« x 3 2 7 

• J(-x 3 + X 2 + 4x - 4 )dx = - — + — + 2x 2 - 4x = — 

VSy S = — + — •= — (dvdt). Chon (D). 

J 4 12 6 

10. S = fx lnxdx = — (21nx-l> ' = —(2 - 1) - - (0 -1) = . Chon (B). 

, J 4 ,44 4 

£ £ £ 

11. V = xfy 2 dy = ;r j(sin 6 x + cos f> x)dx = n j|l - ^sin 2 2xj dx 


5 3 


8 8 


5 3 . 


= n\ — + — cos4x dx = n -x + — sin4x 2 = —— (dvtt). Chon (D). 


8 32 
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14. Ta c6 y = lnx o x = e' (x e [1 ; e] 

<=>y e [0 ; 1]) 

+ V x la the tich khoi trbn xoay khi cho hinh 
phSng gidi han bdi cdc diidng x = e, x = 0, y = 0, 
y = 1 quay xung quanh true Oy. 



d6y R = e va chieu cao h = 1) 

+ V 2 la the tich kho'i tr6n xoay khi cho hinh phang gidi han bdi cdc 
dtfdng x = e y , x = 0, y = 0, y = 1 quay xung quanh true Oy 
The tich khoi tr6n xoay sinh bdi ( H) la: 

' - " . £<£l±W . C hp n (B). 

ft 2 


dx 


V = Vi - V 2 = n.e 2 .l -n\(e’) 2 dy = ne 2 -- e 2 ’ 


0 0 
\y 2 dx = n f 

f2x + l^ 

2 0 f i 

dx = n J 2 i- 

J 

1 

• 1 
1 

* + l > 

U x + l ) 

*2 

2 


~2 


°t( A 4 1 ' 

= K 4-+-r* 

J , l * + 1 (x + l) 2 , 


dx 


= n 


4x - 4 In x + l|-— I 

1 x + 1 ) 

= rK 3 - 4ln2) (dvtt). Chon (C). 
1 1 2 
16. V = n jx 2 dy = n j( 1 - y) z dy 

Zn 



i 


-y 

A 


-i 

in 

0 


~ ~Y a ~ y) ’ 


Chon (A). 


’ = ~ (dvtt) 
o 5 


i 


o 






17. Ta c6: V = n Jcos 2 xdx = ^ J(1 + cos2x)dx 


n 

~ 2 IX + 


sin 2x 


■t - 
o 


n(n + 2) 
8 


. Chon (B). 
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18. Goi (C): y = x - x 2 . Phtfcmg trinh ho&nh do giao diem cua (C) vh true 
ho&nh: x-:t 2 = 0o(x = 0 hoSc x = 1) 

v _*1 + *LV _ jl 

3 2 4 6 J o 30 

Chon (A). 


i i 

Do do: V = tt^(x - x 2 fdx = n J(x 2 - 2x 3 + x*)dx = n 


19. V = /r jxVjy = n J(ln 2 y)dy 

\ 1 

= 7t £3/ In 2 y - 2>'(ln y - 1)J 

= rie - 2) (dvtt) 

Chon (B). 

20. V = xjx 2 dy = nj(tfy) 2 dy 

o o 

V f, 2* f 1 2* ,- ... 

= it\y 2 dy = —y 2 = — (dvtt). 
o 5 o 5 

Chon (D). 


y 
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